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Impedance Space Method: Time-Independent
Parametric Ellipses for Robot Compliant Control

Leonardo F. Dos Santos , Cı́cero Zanette , Elisa G. Vergamini , Lucca Maitan , and
Thiago Boaventura

Abstract—This paper proposes a novel 3D graphical
representation for impedance control, called the impedance
space, to foster the analysis of the dynamic behavior of robotic
compliant controllers. The method overcomes limitations of
existing 2D graphical approaches by incorporating mass,
stiffness, and damping dynamics, and associates the impedance
control parameters with linear transformations to plot
a parametric 3D ellipse and its projections in 2D for a
mass-spring-damper impedance under sinusoidal reference.
Experimental evaluation demonstrates the effectiveness of the
proposed representation for analysis of impedance control. The
method applies to various compliant control topologies and can
be extended to other model-based control approaches.

Link to graphical and video abstracts, and to code:
https://latamt.ieeer9.org/index.php/transactions/article/view/9874

Index Terms—Impedance control, Force control, Human-robot
interaction

I. INTRODUCTION

ROBOTIC compliant actuation is crucial for safe physical
interactions with unknown environments, including hu-

mans and assets. Since the 1970s, studies on muscle activation
and the central nervous system have introduced mechanical
impedance as a key concept, as cited in [1]. Drawing from
these biological principles, impedance control approaches
were formally established a few years later, for example
[2], providing a viable alternative to traditional position/force
control architectures for physical interaction applications. The
current state-of-the-art includes a wide range of impedance-
based interaction control implementations, spanning machin-
ing applications, wearable robots, and transparency control in
teleoperation [3]–[5].

Stiffness, damping, and inertia are the usual dynamic el-
ements composing the desired impedance model. Stiffness
and damping are the causally consistent choices based on the
hypothesis that the environment is preferably described as an
admittance [2]. The inertia can be the actual system inertia at
the interaction port or a desired inertia when applying inertia
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shaping. Impedance assessment with graphical data usually
highlights the spring-damper part of the model. Graphs plot
the interaction force against the end-effector’s deviation from
its equilibrium point [6]–[8].

In impedance control, graphical representations such as
ellipses and ellipsoids illustrate physical interactions. As de-
scribed in [9], the stiffness ellipse represents the relation-
ship between deviation and interaction forces in the task
space. Each ellipse visually demonstrates the deviation-force
relationship between Cartesian directions, such as x and y,
when subjected to disturbance forces. The parameters of the
diagonal of the Cartesian stiffness matrix define the theoretical
ellipse axes, which serve as a reference for the realized task
stiffness. This concept is also explored in [10], where the
limitations of the realized stiffness are analyzed for the robot
Jacobian and joint space limits, such as torque saturation.
Although this approach has been applied to manipulators and
legged robots in these studies, the complexity of three- or
six-dimensional impedance formulations and hardware-related
constraints prevent the consideration of damping and inertia
parameters in this approach.

Graphical representations of stiffness are invaluable for
adaptive and variable impedance controllers. In [11], the
graphs showing the end-effector position and interaction force
tracking are displayed separately over time to evaluate the
desired impedance model on the adaptive reference con-
troller. [12] apply a variable impedance control strategy with
an integrated energy tank for passive interaction on indus-
trial collaborative applications with incremental learning from
demonstrations. Experimental data shows the end-effector
deviation, interaction force, and equivalent stiffness during
demonstrations. In contrast, [13] present a phase portrait with
deviation versus the time derivative of the deviation (e× ė) to
demonstrate the stability of a variable impedance controller
applied in a soft robot. The phase plane is the basis for
qualitatively characterizing the stability of a dynamic system,
identifying stable or unstable points and limit cycles in the
state space.

The aforementioned studies use two-dimensional (2D)
graphical representations to depict either the deviation-force
curve or the deviation and force over time. Additionally, the
three-dimensional (3D) graphs illustrate the stiffness ellipsoid,
which is the realized stiffness across task space directions.
Currently, there is no explicit relationship between impedance
model parameters and their graphical representation for os-
cillatory input in one direction in either task or joint space.
Furthermore, to our knowledge, no description encompasses
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the phase plane, stiffness, and damping behavior simultane-
ously.

While previous definitions related to ellipses describe the
relationship between task-space stiffness or damping in various
directions, this work aims to describe impedance dynamics.
We clarify the use of the term ellipse in impedance control to
distinguish our concepts from previous definitions. A para-
metric representation is useful for descriptive stability and
performance analysis. Additionally, it is essential to evaluate
the impact of robot dynamics on the controller. This work
addresses these issues with the following contributions:

• Introducing a novel 3D graphical representation of
impedance, termed the impedance space, characterized
by e(t) × ė(t) × fint(t). This representation extends
traditional 2D plots: stiffness (e(t) × fint(t)), damping
(ė(t)×fint(t)), and impedance phase space (e(t)× ė(t)).

• Presenting a 3D elliptic curve in the impedance space
for mass-spring-damper systems under sinusoidal input.
The curve is developed from a 2D unity radius circle
and undergoes linear transformations, parameterized by
system mass, stiffness, and damping.

• Conducting experimental validation of the 3D elliptic
curve by constructing the impedance space using real data
and employing ellipse fitting for parametric analysis.

The focus of this paper is on active compliant control
utilizing impedance analogy or similar control topologies
specifically for torque-controlled robots. Furthermore, the pro-
posed method has the potential to extend to other areas such
as admittance control, physical interaction control, and various
model-based methods. Table I aims to aid the reader on
following the mathematical process of this paper.

This paper is structured as follows: Sec. II introduces rele-
vant concepts, the impedance dynamic model, and presents 2D
graphs for visualizing stiffness and damping with a sinusoidal
input; Sec. III derives the parametric equation of the elliptic
path in impedance space and explains the physical rationale
behind this representation for evaluating impedance control;
Sec. IV details the experimental setup and tests conducted to
demonstrate the value of ellipse-based analysis; finally, Sec. V
summarizes this work and suggests future research directions.

II. FUNDAMENTALS

In a classical perspective, a controller is characterized by
its ability to track references and reject disturbances in time
or frequency domain. This assessment applies to conventional
robot control methods, e.g., force or position control. However,
impedance control requires a different perspective. Relying on
the physical design paradigm, impedance controllers shapes
the interaction dynamics, employing physical reasoning rather
than solely adhere to an input-output approach [14], [15].

That is, the goal is not to track a specific position or force
but to control the dynamic relationship between a general-
ized interaction force fint(t) and the deviation e(t) from
an equilibrium point xeq at a designated kinematic location,
referred to as the interaction port. The equilibrium point can
be interpreted simply as the controller reference.

TABLE I
VARIABLES AND THEIR MEANINGS

Variable Meaning

t Time
e Position error
ė Velocity error

fint Interaction force
Z Impedance
Y Admittance
kd Desired stiffness
dd Desired damping
md Desired mass
ai Input amplitude
ωi Input angular frequency
g Tangent unit vector
n Normal unit vector
b Binormal unit vector
T Transformation matrix

f1, f2 Conjugate diameters
φ, ρ 3D rotation angles of b
φ̂, ρ̂ Projected rotation angles of b

A. Impedance vs Admittance Causality
The impedance and admittance causality are defined in

terms of effort and flow [16]. Mechanically speaking, an
impedance has velocity (flow) as input and force (effort) as
output, virtually represented by a massless spring. In contrast,
an admittance has force as input and velocity as an output,
virtually represented by an infinitely rigid mass. In the Laplace
domain and for a 1-DoF case, they can be defined as:

Z(s) =
1

Y (s)
=

Fint(s)

Ė(s)
=

Fint(s)

sE(s)
, (1)

where Z(s) is the impedance, Fint(s) the interaction force,
and E(s) = Xeq(s) − X(s) the position deviation , being
Xeq(s) the equilibrium position and X(s) the current position.

As the physical interaction between two systems must be
causal, i.e., one system must output what the other system
expects as input, an impedance should always be coupled to
an admittance, and vice-versa. When the robot interacts with
rigid environments, which are preferably admittances, e.g. as
shown on Fig. 1, the robot should behave as an impedance at
the interaction port [2], [17].

B. System and deviation dynamics
For a mass-spring-damper designed impedance-controlled

system, the impedance model is:

Z(s) =
md s

2 + dd s+ kd
s

, (2)

where md, dd, and kd are the desired mass, damping, and
stiffness of the system, respectively. Under constrained move-
ment, setting a periodic reference for the designated kinematic
location gives the following deviation dynamics:

E(s) =
ai s

s2 + ωi
2
, (3)

where ai and ωi are the amplitude and frequency of the
deviation signal, respectively. Applying the Laplace inverse
transform the time functions are obtained:

e(t) = L−1{E(s)} = aicos(tωi) , (4)
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(a) Impedance control block diagram (1-DoF).

(b) Impedance control physical equivalence.

Fig. 1. In (a), the desired impedance parameters compose the
impedance controller blocks in blue. The blocks in orange represent
the robot’s dynamics that physically interact with the environment
(green). The inner torque/force controller C(s) is usually tuned to
track with high-fidelity the reference force fref . The interaction force
feedback shown by a dashed line highlights its dependency on inertia
shaping; In (b), a physical equivalence for an impedance controller
acting at the end-effector of a manipulator robot.

fint(t) = L−1{Z(s)sE(s)} =

= ai
(
kdcos(tωi)− ddωisin(tωi)−mdωi

2cos(tωi)
)
. (5)

Equations (4) and (5) describe the time-dependent compo-
nents plot on e(t) × fint(t) graphs for periodic input. And
taking the time derivative of (4) one can see ė(t) × fint(t)
graph. Fig. 2 show these graphs. In the first case, the plot is in
the stiffness plane, and if only stiffness is set in the impedance
controller, the dynamics is linear and given by a line with
slope equals to kd; and, if any damping dd is inserted in the
controller, this line turns into an ellipse. The same applies to
the second case, where the line slope is equal to dd and it
becomes an ellipse in case of adding a stiffness [18], [19].

Although these graphs are broadly adopted, no clarification
of these 2D ellipses and the impedance model parameters was
given before. As it will be clear here, these ellipses at the
stiffness and the damping planes are 2D projections of a more
complex 3D ellipse.

III. THE IMPEDANCE SPACE

The impedance space is defined using an orthonormal basis.
It encompasses three main aspects of impedance dynamics: the
stiffness plane (e × fint), the damping plane (ė × fint), and
the phase plane (e× ė). It is defined as:

z(t) =

 e(t)
ė(t)

fint(t)

 = e(t)i+ ė(t)j+ fint(t)k , (6)

where e(t) and fint(t) are position deviation and interaction
force, respectively, and i, j, and k are the basis vectors. In the
context of second-order autonomous (implicit time-dependent)
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Fig. 2. Conventional 2D representation of the impedance stiffness
and damping. Values of kd in Nm−1 and dd in Nsm−1. On the
left side, on the e(t)× fint(t) plane, plots for a pure spring, in blue,
and a spring-damper, in orange. Note how the inclination of the main
axis of the ellipse changes with respect to the line. On the right side,
the reciprocal on the ė(t)× fint(t) plane.

b1

b2

b3 b
�

�

e

e

fint

fintf

.
e

.
e

Fig. 3. The impedance ellipse binormal vector b, normal to the
trajectory plane of a mass-spring-damper impedance under sinusoidal
input. The 3D elliptic trajectory is shown in light gray. The compo-
nents of b are b1 for the e-axis (red), b2 for the ė-axis (green), and b3
for the fint-axis (blue). The left-hand side depicts the projection of
the 3D graph on the damping plane, while the right-hand side shows
the projection on the stiffness plane. Only in particular cases does
the value of ρ, and φ matches the slope of the 2D ellipse major axis
(ρ̂, φ̂) in these planes.

systems, represented by ẋ = f(x), the phase plane is the
foundation for qualitative characterization of system stability
through the phase portrait. Stable and unstable points, limit
cycles, and multiple isolated equilibrium points are identified
through the phase portrait [20], [21].

For a 2nd order dynamic system, as (2), under the peri-
odic input (3), the time-dependent system trajectory in the
impedance space lies in a plane. Consider the Frenet-Serret
[22] triad: a unit vector g(t) = ż(t)/∥ż(t)∥ ∈ R3 tangent
to the curve, a normal unit vector n(t) = ṫ(t)/∥ṫ(t)∥ ∈ R3

pointing to the center of the curve at t > 0 , the binormal unit
vector b(t), orthogonal to the trajectory, is:

b(t) = g(t)× n(t) =


ė(t)
ë(t)

ḟint(t)

× d

dt


ė(t)
ë(t)

ḟint(t)

 , (7)

Using (4) and (5), vector b simplifies to:
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b =

b1
b2
b3

 =
1√

(kd −mdω2
i )

2
+ d2d + 1

kd −mdω
2
i

dd
−1

 .

(8)
Through the orientation of b in the impedance space, Fig. 3,

the sequential rotation angles φ and ρ are defined as follows:

tan(φ) = − b1√
b22 + b23

=
mdω

2
i − kd√
d2d + 1

, (9)

tan(ρ) = −b2
b3

= dd , (10)

where the negative sign in (10) and (9) is due to the right-
handed coordinate systems convention.

As sequential rotation angles, φ and ρ have equivalent
rotation matrices Te(ρ),Tė(φ) ∈ R3×3. Te(ρ) is a rotation
around the e-axis. Tė(φ) is a rotation around the ė-axis
in the base rotated by Te(ρ). Supposing that z(t) can be
parametrized by θ = ωit ,∈ [0, 2π], and that in the impedance
space the system is described by the following equation:

z(θ) = Te(ρ)Tė(φ)Tfint

cos(θ)
sin(θ)

0

 , (11)

where Tfint is defined as:

Tfint =

 R
0
0

0 0 1

 , (12)

being R =
[
f1 f2

]
∈ R2×2 a matrix of the ellipse conjugate

diameter f1,f2 ∈ R2. Solving (11) for Tfint , the hypothesis
are valid and defines:

R =

ai
√

(kd−mdω2
i )

2

d2
d+1

+ 1 0

aidd(kd−mdω
2
i )√

d2
d+1

−aiωi

√
d2d + 1

 . (13)

Then, it can be stated that the impedance model (2) under
the input (3) describes a parametric 3D elliptic curve in
the impedance space. This curve is described by a sequence
of affine transformations upon the 2D parametric unit circle
[x , y] = [cos(θ) , sin(θ)], with θ ∈ [0, 2π] in the form of the
Equation 11.

While the first two matrices are rotations, Tfint scales and
shears the parametric unit circle in the phase plane. Since
the fint-axis is normal to this plane, this transformation is
named after it. With these matrices, the 3D elliptic curve can
be derived without time dependence, being parameterized only
by θ, the model constants and the input parameters ωi and ai.

Fig. 4 shows the isometric and perspective views of the
impedance ellipse and its dependence on the impedance pa-
rameters kd and dd. The projection of the rotation angles ρ
and φ into the ė×fint and e×fint planes is represented by ρ̂
and φ̂, respectively. The analytical expressions of these angle
projections are very complex, highly nonlinear and dependent
on all the desired impedance parameters1. Only in particular

1Full expressions at https://github.com/leggedrobotics-usp/impedance
control benchmark

cases, the value of these projections simplify to ρ̂ = ρ, as
depicted in Fig. 4c, and φ̂ = φ, in Fig. 4a.

This new approach elucidate the interpretation of the 2D
ellipses, and the apparent slopes in the 2D projections. Figures
5 and 6 show how the slope changes according the sitffness
and the damping, respectively. Moreover, the influence of the
input frequency ωi, is shown in Fig. 7. Even for the case
md = 0 kg, where wi affects only the Tfint(2, 2) term, the
impedance ellipse changes significantly the shape.

IV. EXPERIMENTAL IMPEDANCE ELLIPSES

The experimental data was collected using a specially
designed test bench named IC2D, shown in Fig. 8. The
linear motor used in the experiment was the LinMot PS01-
37x120F-HP-C (stator) and PL01-20x240 / 180HP (slider)
models. The interaction force was measured using an Interface
SMT1-250N load cell and and for the position we used
the LM10IC001AB10F00 incremental encoder from RLS. A
detailed description of the experimental bench is provided in
[23], [24]. In both 2D and 3D, the impedance ellipse may
also be plotted using experimental data to form the impedance
state vector z(t). The inner force controller, implemented in
cascade with the impedance controller, was a PID with fric-
tion compensation through disturbance observer-based control
(DOB) and load velocity compensation [25], [26]. Its tracking
performance is shown in Fig. 9.

Nine experiments were conducted to demonstrate the para-
metric ellipses according to the parameters kd and dd. The
interaction port was manually excited with a sinusoidal force.
Despite the repeatability of the test bench, the accuracy of this
parametric analysis was found to be sensitive to system force
tracking fidelity and joint friction. A statistical treatment of
the data is beyond the scope of this work. The experimental
results support the present method qualitatively.

Fig. 10 shows the fitted ellipses for each parameter set,
utilizing the stable direct least squares fitting algorithm from
Halı́ř and Flusser [27]. Although the ellipse fit helps identify
the rendered impedance, stiffness, and damping values, the
performance of the inner-loop force tracking of the linear
motor and the friction of the test bench affected the exper-
imental data. Nevertheless, the ellipse fit captured the relevant
graphical aspects in impedance space.

Using the impedance space allows new metrics to assess
the rendered impedance against the desired one 3D ellipse.
Examples include: 1) “interaction force fidelity” measures
differences in force magnitudes for each specific point between
ellipses; 2) “impedance 3D orientation error’ compares the
binormal vectors of ellipse planes, incorporating mass, damp-
ing, and stiffness; 3) “stiffness error” and “damping error”
are specific metrics easily derived by comparing Equation 9
(for md = 0) and Equation 10, respectively, which are angles
defined in the 3D space, rather than relying on their 2D
projections.

Moreover, in [28] was present a stiffness plot, where the data
presented a so called hysteresis-like shape which is attributed
to the damping only. However, as it is clear now, this shape
correlation with damping is described by an ellipse projection,
not a hysteresis phenomenon which is related to friction forces.

https://github.com/leggedrobotics-usp/impedance_control_benchmark
https://github.com/leggedrobotics-usp/impedance_control_benchmark
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(a) (b) (c) (d)

Fig. 4. Visualization of the 3D theoretical impedance plots and its projections. Each column represents a specific combination of impedance
parameters kd and dd (md = 0 for all of them), while the rows show different projection of the 3D impedance plot for each case. The first
row, in particular, shows the 3D impedance space. In (b), where kd = 0 and dd = 0, only the original unit circle is plotted, from which the
other columns derive. In (a), dd ̸= 0 is added, and the original circle, in black, is elongated and then rotated by ρ around the e axis. An
ellipse appears in the 3D plot, with a projection on the plane ė× fint being a straight line with the slope given by tan(ρ̂) = tan(ρ) = dd.
In (c), kd ̸= 0 is added to the original circle in (b), which is elongated and then rotated by φ around the ė axis in this case. The 2D ellipse
projection on e × fint is also a straight line, with a slope given by tan(φ̂) = tan(φ) = kd. Last but not least, in (d), the original circle
is transformed into a 3D ellipse with kd ̸= 0 and dd ̸= 0. In this case, the 2D projections in both e × fint and ė × fint planes are also
ellipses. It is important to highlight that, for these 2D projected ellipses, tan(φ̂) ̸= kd and tan(ρ̂) ̸= dd. In particular, in the e× fint plane
it is possible to see how the inclination changes with respect to the pure stiffness case of (c).

V. CONCLUSIONS & OUTLOOK

This paper introduced and discussed a novel representation
of mechanical impedance ellipses in a 3D impedance space
e(t)×ė(t)×fint(t). A 3D parametric elliptical curve describes
the impedance dynamics using linear transformations, which
are functions not only of the impedance controller parameters
md, kd, and dd, but also of the input amplitude ai and
frequency ωi. This modeling and representation approach
fosters parameter-oriented analysis of experimental time series
using the designed dynamic behavior as a reference. The
impedance rendering performance obtained with experimental

data in this paper was limited by the inner force controller’s
tracking capabilities and the amplitude and frequency input
fluctuations within each cycle due to the manual excitation.
These factors also affect systems with a higher number of
degrees of freedom. For n-DoF systems, one challenge is
associating joint-level force tracking with the robot Jacobian
and the impedance space trajectory for a given direction in
task space. As a final remark, this paper highlights that the
phase space e(t)× ė(t), included in the presented impedance
space, supports further nonlinear and energy-based analysis.
Future developments include calculating the mentioned met-
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Fig. 5. Plot of the 2D projected ellipse in the ė× fint plane, with a
fixed dd = 200 N sm−1. Values of kd in Nm−1. When a stiffness
kd is added to the impedance controller, the slope of the ellipse major
axis tan(ρ̂) may significantly differ from dd.

Fig. 6. Plot of the 2D projected ellipse in the e× fint plane, with a
fixed kd = 1000 Nm−1. Values of dd in Nsm−1. When a damping
dd is added to the impedance controller, the slope of the ellipse major
axis tan(φ̂) may significantly differ from kd.

rics, extending the analysis including the impedance state ë(t)
and the influence of inertia shaping.
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(a) (b) (c)

Fig. 10. Experimental results, all with md = 0 kg. (a) for kd = 0 Nm−1 and varying the value of dd one can see that in the ė × fint

plane the straight line slope increases with dd and in the e× fint plane the ellipse widens due to the projection as expected; (b) for dd = 0
N sm−1 and varying the value of kd, one can see that in the e× fint plane, the slope of the ellipse major axis increases with kd and in the
ė × fint plane the ellipse widens due to the projection as expected. The widening of the ellipse in the e × fint plane is due to unwanted
damping, mostly caused by the test bench itself. As can be seen, the openings are practically the same, as the damping of the bench does
not change; (c) for both parameters kd and dd varying, the effects combine on both planes.
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