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Robust Control using a ‘H., Mixed Sensitivity
Approach for a UAV with a Suspended Payload

Jefferson A. Enriquez Quispe

Abstract—Unmanned aerial vehicles (UAVs) are increasingly
being utilized in a wide range of applications, including military
operations, agronomy, and delivery services, among others.
These applications often require load transportation missions
which are executed by the UAYV, that can be executed by the
UAY, a link, and its payload. The UAV with its suspended load
is a kind of highly coupled system where good performance
and stability are required despite disturbances and model
uncertainties. In this work, we present an 7 oo robust control
design for this system. The desired controller is synthesized to
achieve suboptimal robustness in terms of performance and
stability. Simulation results demonstrate robustness against
disturbances and model uncertainties. In terms of performance,
this control system shows up to a 50% reduction in load
oscillations compared to alternative controllers, such as the
Linear Quadratic Regulator (LQR).

Link to graphical and video abstracts, and to code:
https://latamt.ieeer9.org/index.php/transactions/article/view/9285

Index Terms—7H .., Kane equation, multibody dynamics, ro-
bust control, unmanned aerial vehicle.

I. INTRODUCTION

HERE is a growing interest in utilizing unmanned aerial

vehicles (UAVs) across diverse fields, including military
operations, security, agronomy, topography, electrical network
inspection, emergency response, and hazardous tasks, among
others [1]-[3]. Many of these applications require the trans-
portation of a suspended load. For instance, in the agronomy
industry, a UAV configuration with a suspended load is used
to prevent damage to crops [4]. Similarly, such a configuration
is employed for data collection using image processing in [5].
Other applications, such as tool transportation in emergency
situations or in rugged terrain that limits human intervention,
such as canyons, ravines, and mountainous or marine scenar-
ios, are addressed in [6] and [7], where the UAV with sus-
pended load system is exposed to environmental disturbances.
Even in [8], the performance of the Linear Quadratic Regulator
(LQR) controller was studied with a non-solid load.
Regarding modeling, an early study [9] presents the modeling
of small helicopters with a suspended load using Kane’s
method. Subsequently, [10] presents the modeling of a UAV
with payload using Kane’s equations; this approach enables
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the analysis of the UAV with the suspended payload system
as an interconnected multibody system, thereby coupling the
dynamics of both the UAV and the payload. Studies of
UAV control systems employing a conventional controller
synthesized solely from UAV dynamics demonstrate poor
performance and tracking capabilities due to the oscillations
of the suspended load and disturbances, such as sensor noise.
These factors contribute to performance degradation and can
even lead to system instability.

Regarding controllers for highly coupled systems, [10]
presents a nonlinear controller with swing-damping aimed at
reducing oscillations; however, this resulted in a lag effect
in tracking performance. Furthermore, special consideration
must be given to the system dynamics for control design.
The controller can be synthesized using the complete system
dynamics (UAV with suspended load) or by simplifying certain
dynamics. However, the former approach generally provides
superior performance and tracking [11].

Another proposal for a hybrid control strategy integrating
artificial intelligence and feedback linearization, demonstrated
high robustness [12]. In [13], the authors introduced stability
improvements in stability through neural network control.
However, this strategy requires high computational processing
at the ground station, and the data link between the ground
station and the UAV is maintained via a wireless connection.
Consequently, communication delays can lead to degraded
UAV performance [14].

In [15], a Model Reference Adaptive Control (MRAC) system
is presented, noted for its robustness against uncertainties. The
results are compared with those of a Proportional-Integral-
Derivative (PID) controller applied to a UAV with a load oscil-
lating along a single axis; however, no significant improvement
in stability is observed with the MRAC controller.

Regarding robust control strategies, recent research [16], [17]
presents a sliding mode control strategy based on neural
networks. However, the results indicate excessive load oscil-
lations, even when considering external disturbances. Other
control approaches, such as Model Predictive Control (MPC)
described in [18]-[20], employ a nonlinear MPC that signifi-
cantly reduces load oscillation. Nevertheless, the development
of specific robustness characteristics, such as sensor noise
rejection, is not addressed.

In the context of robust control, [21] presents the Interconnec-
tion and Damping Assignment-Passivity Based Control (IDA-
PBC) to achieve a desired Hamiltonian, enabling control of
the UAV and attenuation of load oscillations when subjected
to constant disturbances. However, it exhibits limitations with
variable disturbances, which can potentially lead to instability.
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A similar study [22] employs energy-based control (CBE) for
translational dynamics, achieving attenuation of load oscilla-
tions, and a Linear Matrix Inequality (LMI)-based control for
rotational dynamics, noting that the CBE control is sensitive
to load position measurement.

An H., robust control approach applied to a single UAV
(without suspended load) demonstrates superior performance
in tracking and stability, even in the presence of disturbances
and unmodeled dynamics, when compared to a geometric
nonlinear PID controller [23]. In a subsequent study [24], a
mixed Ha/H~ controller is presented, applied to the Euler-
Lagrange model of the UAV system with a suspended load,
showing good performance. However, only the impact of
additive disturbances is addressed. Following the same line
of research, [25] employs the H ., criterion, which minimizes
the effects of disturbances, to demonstrate the stability of a
proposed observer designed to reduce disturbances.

As previously noted, the modeling and control of UAV systems
with a suspended payload have been addressed in the literature.
However, the application of control based on the H., norm,
which aims to reduce disturbance sensitivity and limit control
efforts through weighting functions and a complementary
function that enhances performance, has not yet been studied
in the literature. This research proposes solutions to mitigate
issues related to oscillations, disturbances, and parametric
uncertainties through a linear robust control approach based
on the Ho, norm applied to the dynamic model of the system,
derived using Kane’s method.

1I. UAV MODEL

The UAV with suspended load constitutes a highly coupled
system, and its dynamic model can be derived using either
Newton’s laws of motion or Lagrangian mechanics. In this
work, the UAV model is represented by the following equa-
tions, which consider the North East Down (NED) frame {n}
and the Body-Fixed (BF) frame {b} [26].

p=YV, (1)

mev =meg+R(O)F + f., )
O = T(O)w, 3

Io = S(Iw)w + M, (4)

where p € R? is the position vector [m] in the frame {n},
v € R? is the linear velocity [m/s] in {n}, m. is the mass
[kg] of the UAV, g = [0 0 g]" is the gravity vector with
g as gravitational acceleration [m/s?], R(®) € SO(3) is
the rotation matrix that transforms vectors from the {n} to
{b}. Here, SO(3) denotes the special orthogonal group of
all rotation matrices in three dimensions that preserve vector
length and orientation. f is a vertical thrust [N] acting along
the z axis of {I;}, f. represents the environmental forces [IV],
® = [¢,0,¢] is the attitude vector (roll, pitch, and yaw
angles, respectively), w is the angular velocity vector [rad/s],
I is the inertia matrix [kg-m?] in {n}, S(Iw)w is Tw X w
where S(x) is the skew-symmetric transformation, M are

the torques applied by the motors, and T(®) is the frame
transformation matrix defined as:

1 singtanf cos¢tand
T(®)= |0 cos ¢ —sing | ,cos60 £0. (5)
0 sin ¢ cos ¢
cos cos @

The modeling is subject to the following assumptions: The
tether connecting the payload is attached to the UAV’s center
of gravity (CG), is considered rigid, and its mass an drag
neglected. The payload is modeled as point-mass, and air drag
is acting on it considered.

Given the highly coupled nature of the system, and the fact
that the suspended load is attached to the UAV’s center of
mass, its primary effect will be on translational movements;
rotational movements are considered negligible. Therefore, the
load forces 77, should be included in (2), which relates to
translational movement. The UAV dynamics to be considered
are then:

p=v, (6)
mcv :mcg+R(®)-f+TL +fev (7)

where R(@®)f € R3 is a control force. In translational motions,
it is possible to control the UAV considering at least the
roll and pitch dynamics, which are included in R(®) [27].
The suspended load can be considered a simple pendulum
considering the CG of UAV as the oscillation point of the
load [28]. As a similar assumption, this work considers the
movement of the pendulum in the xz and yz planes as shown
in Fig. 2, where ¢, is the angle resulting from the rotational
movement in the z axis and 6, is the rotational angle in the y
axis. Thus, ¢, and 0, describe the position of the suspended
load.

The dynamic model of a UAV is highly nonlinear, becoming a
highly coupled system when the model considers the dynamics
of the suspended load. To model this system, it is necessary
to use the Kane equations, which are used for modeling
multibody systems [9]. Considering (6) and (7), a nonlinear
model is obtained, thus representing the whole system using
the Kane equations. [27]:

n=v, (8)
v=M, " (=C{, =G +Dv+7+7), (9

where,

V= [VT ¢.L 9[,],

T =[R(©))T 00]",
Ta=[fL 0017, Fegnrs

D =diag([0 0 0 d d]),d > 0,

0
0
—g(mr +me)
Lgmy, cos(01,) sin(¢r,)
Lgmyp, cos(¢r,) sin(6r,)

Gy = (10)
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M(*n) and Czkn,r/) are presented in detail in Appendix A,
where c¢y, s¢r,, clr, and sf, represent cos ¢y, sin ¢, cos 0,
and sin ,, respectively. The position and angular components
are represented in the state vector n = [p ¢ 0r]’. The
resulting nonlinear model considers a rigid tether between the
UAV and the suspended load. Nevertheless, the tether is not
rigid in real situations, and the approximation is valid for
simplifying the modeling and analysis of the system. When
the angle 87, > 90°, the load will collide with the UAV. To
avoid the singularity of cos(6) in M), , and C(, , 4, two
product expressions are added to the dynamics, where ¢ is an
infinitesimal positive constant [10]:

(1)

M@m4=L%mam%+£$nﬁ{

1 . 1 .
Clraa = —§L2mL0L sin20, + €0, sin20p. (1)

III. RoBUST CONTROL

This section details the performance specifications and the

control design for the UAV with suspended load. The chosen
methodology is robust control based on the ., norm.
The nonlinear model presented in (8) and (9), along with the
UAV parameters for a suspended load provided in the case
study [10] and listed in Table I, are utilized for linearization.
The resulting matrices A, B, C, and D, detailed in Appendix
B, were obtained from the linearization around an operating
point using the linmod function in MATLAB. Specific details
regarding the parameter values used are provided in the code
(V).

G:{dr:—A:chBu}7 (13)

y =Cx + Du,
where x is the state vector, u is the control vector, and y is

the measurement output vector.
In this paper, a robust linear control H.,, was designed to

TABLE 1
UAV PARAMETERS
Parameter  Description Value  Unit
me UAV mass 2.5 kg
mr, Payload mass 0.2 kg
L Suspension length 2 m
g Gravity constant 9.8 m/s2

guarantee good performance in autonomous trajectory track-
ing, as well as rejection of disturbances and sensor noise,
according to [29]. Fig. 1 illustrates the structure of the robust
control system in a two port diagram where G from (13)
represents the LTI system, embedded within the extended plant
P. The weighting functions denoted as Wg, Wp, and We, w
representing exogenous inputs and z representing exogenous
outputs.

The exogenous input vector (w) includes the reference signal
r, and the exogenous output vector (z) includes the error signal
€, the output error signal y, and the control signal @. The
objective is to find the suboptimal controller K that minimizes
the norm of the transfer function between z and w using
computational methods.

IEEE LATIN AMERICA TRANSACTIONS, Vol. 23, No. 2, FEBRUARY 2025

A. Weighting Functions

To specify performance and robustness in closed loop,

weighting functions must be chosen according to [30]. In this
work, we consider three weighting functions: Wg, Wy, and
We.
The weighting function Wg = diag [Wg, Ws,Ws.]| is applied
to the linear velocities along the x, ¥, and z axes, respectively.
This weighting function utilizes the sensitivity function S =
(I + KG)~!, which is related to good tracking performance
and disturbance rejection.

s/ M + wps

Ws =
S + Wps€s

(14)
where My is the sensitivity function gain margin, wg is the
closed-loop response bandwidth, and ¢, is a constant that
represents a trade-off between sensitivity at low values and
robustness as it increases.

The controller sensitivity function C' = K S is weighted by
the weighting function We = diag [Weo1 WeaWes), where
K S limits the controller according to actuator specifications.

S+ wpe/ M,

We =
€eS + Wpe

15)
where M. is the magnitude of C, wp. is the bandwidth of
the controller, and £, is a constant representing a trade-off
between sensitivity and robustness, unlike 5. A smaller ¢,
tends to increase sensitivity even further and may result in
instability.

T = (I —S) is a complementary sensitivity function from the
weighting function Wr that is related to rejection of sensor
noise [31].

S + wpe /M,
= #7 (16)
55t+wbt

where ¢; is a constant, lower values imply that the system ex-
hibits better reference tracking, while a higher value enhances
robustness.

The control design needs the terms of the sensitivity functions
S, C, and T to have the following characteristics: For S
to reject disturbances, it requires a small value at low fre-
quencies; T' rejects noise from sensors with small values at
high frequencies; and C increases the control efficiency by
reducing controller effort, for which it needs small values at
high frequencies. Based on the literature [32] and [30] and
after numerical simulations, we found that the values W, W,
and W¢ that give us the best results for good performance of
the controller are shown in Table II.

B. Control Synthesis

The application of the order reduction method, as described
in [29], simplifies the dynamic model of the system and
facilitates analysis, while preserving critical dynamics and
stability properties.

After identifying which of the 10 state variables in (17) of
the matrices A, B, C, and D have the least impact on the
critical dynamics of the system, the 3 state variables that
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Fig. 1. Closed-loop extended plant and controller structure.

TABLE 11
WEIGHTING FUNCTION VALUES

Weighting

fi . Parameter Value
unction
Whsa 24-103
Whsy 24-103
Ws Whsz 162 -103
M, 460
Es 102
Whew 8104
Whey 8-10%
We Whes 9.10%
M. 7800
€e 10—2
Whta 4590
Whty 4590
Wr Whtz 5100
M 400
et 10—

Fig. 2. UAV illustration with load angles : ¢, and 07,.

correspond to the positions x, y, and z of the UAV were

removed, resulting in the corresponding variables v, ¢,
and 6y, where these matrices (18) satisfy the conditions of
observability and controllability.

Aipx10 | Bioxs

17

Csx10 | Dsxs 1n
Aq7y7 | Brys

. 18

Csyx7 | D3xs (18)

Based on the aforementioned data, the Robust Control Toolbox
in MATLAB computes K(s) to find v € R, which is
associated with a suboptimal H, control problem.

For each value of ~, there exists a stabilizing controller such
that the H . norm of the closed-loop transfer function between
the disturbance input w and the regulated output z, represented
as Ty satisfies ||Tyw|loo < 7, indicating that the controller is
stabilizing but may not be the globally optimal solution. To
find the optimal controller, +y is iterated over a range of values
until finding the smallest possible, vy,i,. Which represents the
minimum bound on ||T,w|/« that ensures both stability and
performance. Once the suboptimal solution has been identified,
T,w and K (s) must satisfy the following expression:

HTZwHoo =7, (19)

The existence of a stabilizing controller K (s) satisfies (19) if
and only if the solution to the Riccati equations (20) and (21)
has solutions X > 0 and Y > 0 respectively, and K (s) has
the same state number as the extended plant P,y [29], [33].

ATX +X A+CTC 1+ X (v 2B BT —-By,BI)X . =0,
(20)
such that: \;[A + (y"2B;B] — B,B)X ] <0,V,.

AY . +Y AT +B Bl +Y (v 2C{C,-CiCy)Y . =0,

2D
such that: \;[A +Y (v 2CTC, — C1C,)] < 0,V;, where
A; are eigenvalues.

IV. RESULTS

The proposed controller is tested in a UAV simulator built

in Simulink to analyze the H., controller implemented in a
linear and nonlinear system under conditions similar to an
actual scenario, an environment with disturbances caused by
the forces of the air, represented by random noise in fz of
To. The tuning process found the v of 0.00567 to guarantee
the condition for a suboptimal H ., design, given in (19).
A good robustness does not always suggest good performance;
however, the results show that the controller performed well,
achieving the reference velocity V, in 2.6 seconds. Given the
UAV’s mass of 2.5 kg, as stated in the system parameters in
Tab. I, the UAV performs better when m,. is lower.

A. Frequency Response

The suboptimal gamma value achieved is v = 0.00567, and
the controller variables K are reduced to 7 states.
Fig. 3 presents the three sensitivity responses 57, S and Ss,
relative to the three velocities V;;, V,,, and V, respectively. Sy



176

presents low value at low frequencies with slope starting in
39.02 dB/dec without crossing its weighting given by 1/Wg, .
So presents low value at low frequencies with slope starting in
35.68 dB/dec and it does not cross 1/Wg,. S3 presents a low
value at low frequencies with a slope starting at 38.51 dB/dec,
and it does not cross its weighting given by 1/Wg, either.
Fig. 4 presents the three complementary sensitivity responses
T1, T>, and T3, relative to the three velocities V,,, V,,, and
V., respectively. T4 presents a low value at high frequencies,
with a slope starting at -39.99 dB/dec without crossing its
weighting given by 1/Wrp,. Ty presents a low value at high
frequencies with a slope starting in -40.01 dB/dec, and it does
not cross 1/Wr,. T3 presents a low value at high frequencies
with a slope starting at -42.06 dB/dec, and it does not cross
its weighting given by 1/Wrp, either.

Fig. 5 presents the H ., norm, which is limited to values less
than 1.

Ve,Vy, and V., Velocities
100 T T T

W,

Amplitude (dB)

-100g -7 4

107! 10° 10!
Frequency (rad/s)

Fig. 3. Sensitivity function S1,52,53 and Weighting inverse function
1/Ws1, 1/Wso, and 1/Wgs for Vy 4 .

Vz,Vy, and V, Velocities

100 i
2 so /W
Z 1/Wrs
g 1/Wry
=3 Ol o oo o oo o oo o ooy = |
- LS
= s
g \§§ <1
< -sor S o
§§
N
= T Ty 4
- 100 3—»
3
s
Aot
N
150 | | | | | | N

1072 !

107! 10 10
Frequency (rad/s)

Fig. 4. Complementary Sensitivity 77,7%, and 73 and Weighting
inverse function 1/Wr1, 1/Wra, and 1/Wrs for Vi 4 ».

B. Time Response

1) Linear Response: Fig. 6 shows the velocity vector
response v = [V, V,,, V2|7 in {n} and presents a good tracking
with respect to the reference velocity vector, defined by
(Var, Vyr, Var] T, This reference velocity vector is composed
of pulse signals of amplitude 5 m/s, a time width of 15 s, and
rising edge times of 15 s, 20 s, and 25 s, respectively. The
velocity V, follows the reference V,, with an overshot of 1
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Fig. 5. Transfer Matrix WgS.

m/s and a settling time of 35.2 s at & 2%. The velocity V},
follows the reference V,,, with an overshot of 1 m/s and a
settling time of 37.7 s at &= 2%. The velocity V, follows the
reference V., with an overshot of 0.8 m/s and a settling time
of 17.7 s at £ 2%.

Fig. 7 shows the ¢y and 0 responses that represent the
locations of the suspended load when the same reference
velocity vector [V, Vi, Var|T is applied to the UAV. When
the rising edge happens in V., ¢ and 0 present a slight
displacement of 0.58° and 0.59°, respectively, indicating a
good disturbance rejection and keeping the load safe. When the
rising edge happens in V., ¢, maintains a slight displacement
and 6; decreases to reach a value of -67.6° at 25.5 s,
converging to a constant value close to -60°. When the rising
edge happens in Vy,, ¢r, increases to reach a value of 68.4°
at 29.9 s, converging to a constant value close to 60°, and
01, keeps its behavior as described before.This maneuver is
typical in load transportation where the UAV takes off from
the ground, increases its velocity in the z direction to achieve
the desired altitude, and then moves in the x and y coordinates.
The results show good disturbance rejection, and the robust
control guarantees limited displacements of the load, with
¢r < 70° and 0, < 70°.

UAV velocities in linear system
T

v; T T T

Velocity (m/s)

T

10 15 20 25 30 35 40 45 50 55 60
Time (s)

Fig. 6. Linear responses of velocities (V,, V, and V) to pulse
reference velocities (Vyr, Vi and V).

2) Nonlinear Response: Fig. 8 shows the nonlinear re-
sponses of velocities considering the reference velocities, the
same ones used in the previous analysis. The velocity V,
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Load position in linearized system
T T T T T

T (m/S)

/.

9.[/" or (deg)
Uy

7
xr

V

&

35 40 45 50 55 60
Time (s)

Fig. 7. Linear responses of ¢ and 6, to pulse reference velocities
(Vr, Vyr and V).

follows the reference V,, with an overshot of 1.001 m/s and
has a settling time of 35.1 s at & 2%. The velocity V,, follows
the reference V,;,- with an overshot of 0.9 m/s and has a settling
time of 37.7 s at = 2%. The velocity V, follows the reference
V., with an overshot of 0.83 m/s and has a settling time of
17.6 s at £ 2%.

Fig. 9 shows the ¢, and 61, nonlinear responses that represent
the locations of the suspended load when the reference velocity
vector [V, Vi, Var|T is applied to the UAV. When the rising
edge happens in V.., ¢r and 01 do not present variations in
the displacement, indicating better performance compared to
the linear responses. When the rising edge happens in V.,
¢, does not present variations in its displacement, and 6,
decreases to reach a value of -13.9° at 21.7 s, converging to
a constant value close to 0°. When the rising edge happens
in V., ¢r increases to reach a value of 16.5° at 26.6 s,
converging to a constant value close to 0°, and 6 keeps
its behavior as described before. The current H,, controller
improves the performance of the suspended load transportation
in which the response presents less oscillation amplitude and
converges quickly to the equilibrium point. The load angular
displacements, ¢y and €, reach maximum amplitudes of
16.5° and 13.9°, respectively. Both angles converge quickly
to 0° despite the pulse reference velocities being applied to
the UAV. These results evidence a better performance of the
controller compared to the simulation results presented in
[27], where the load angular displacements, ¢, and 0p, reach
maximum amplitudes of 50° and 20°, respectively. In other
similar research [34], the H, linear control was also used
in a UAV with 2 mobile thrusts, which can have oscillatory
behaviors within 40°, greater than the results achieved in this
work (less than 20°).

In [35], a Ho controller is used in a linearized model based
on Euler-Lagrange with 0.55 kg mass of the UAV and 0.05
kg mass of the suspended load, and the pendulum oscillation
achieved peaks of 20°. In this research, we presented the
application of a H control for the model based on the
Kane equation and achieved better results than the last work
based on the Euler-Lagrange modeling. These new results,
in comparison with this last investigation, are encouraging
since the peak oscillation is reduced to 16.5°, considering a
heavier UAV with 2.5 kg mass and a suspended load of 0.2
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UAV velocities in nonlinear system
T T T T T

Velocity (m/s)

- 78

Il Il Il Il Il Il k] Il Il

20 25 30 35
Time (s)

Fig. 8. Nonlinear responses of velocities (V., V,, and V) to pulse
reference velocities (Vyr, Vi and V.;.).

Load position in nonlinear system
T T T T T

20 T T

07 ¢y (deg)
’yr, Vzr (m/s)

ViV

-6.68

10 15 20 25 30 35 40 45 50 55 60
Time (s)

Fig. 9. Nonlinear responses of ¢, and 6, to pulse reference velocities
(Var, Vyr and V).

kg mass. Moreover, the suspended load is transported with
good performance, keeping stable and steady state motion
when the UAV is moving at constant velocities up to 5
m/s. In the simulations, it was observed that the controller
synthesis is sensitive to changes in mjy, which should be
considered in future implementations. Regarding the feasibility
of implementing this type of controller, works such as [31]
present control of a six-degree-of-freedom system using an
LPC2148 microcontroller with a 32-bit ARM7 processor.

V. CONCLUSION

This paper proposes a H., mixed sensitivity approach ap-
plied to the system of a UAV with a suspended load, connected
by a link to the UAV’s CG. This highly coupled system is
modeled using Kane’s equations, assuming that the link is
rigid. Building upon this model, the computational simulation
shows that the frequency domain response, corresponding to
a sub-optimal v of 0.00567, ensures better performance and
stability against system disturbances, environmental perturba-
tions, and sensor noise. Furthermore, the time domain response
demonstrates the system’s convergence to the reference veloc-
ity, with angular swings below 20° and stabilizing quickly
when the controller is applied to the nonlinear system, which
closely resembles the real system. These results demonstrate
an improvement over similar studies, such as those in [8], [27].
In summary, it is demonstrated that the proposed robust con-
troller is a good alternative for enhancing performance in the
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transportation of suspended loads using UAVs in applications
where there are disturbances from different sources.

As part of the project, we plan to test the effectiveness of the
proposed controller in future work by implementing it in a
real system using the DJI-F450 quadrotor.
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