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Abstract—In this paper, a mathematical programming 

approach based on a branch and bound (B&B) algorithm is 

proposed in order to determine the optimal allocation of thyristor-

controlled series compensators (TCSC) in electrical power 

transmission systems, considering line thermal limits. The TCSC 

modeling is added in the Y-bus matrix, facilitating the 

computational implementation. B&B-Y is the methodology used in 

this paper aiming to maximize the loading of the system 

considering a certain quantity of TCSC. In addition, the proposed 

algorithm is implemented for another test, using a determined 

number of TCSC, in order to improve the network voltage profile 

and minimize the total transmission losses. The methodology uses 

an interior point method to solve the problem relaxed, modeled as 

a reactive optimal power flow problem. Simulations are 

performed on the IEEE 118-bus test system, allocating different 

quantities of TCSC to find the maximum load the system can 

support. Given a certain number of TCSC, previously defined for 

a specific load, the TCSC are reallocated considering different 

objectives. For two TCSC the time for relocation is shorter than 4 

seconds. The results also show that from three TCSC onwards, the 

maximum load increasing is not relevant, being around 0.3%. 

Therefore, the conclusion is that the algorithm has a low 

processing time, and conservative solutions allied with the 

presented methodology can be used in the optimal allocation of 

TCSC, what the aim is to optimize the system’s performance. 
 

Index Terms—Flexible AC transmission systems, Mathematical 

programming, Optimization, Power system control, Reactive power 

control, TCSC. 

I. INTRODUCTION 

hroughout the years, electrical power systems have been  

enhancing their demand and limitation of energy resources, 

being forced to operate near their stability and load margins 

[1]. Distributed generation and reinforcement of transmission 

lines are both available solutions to avoid congestion and 

instability in the power system, but they have high costs and 

involve environmental issues. A widely considered alternative 

approach is the flexible AC transmission system (FACTS) [2]. 
These devices are based on power electronics and can regulate 

and control one or more parameters of the AC transmission 

system, such as bus voltage, line reactance, and phase angle [3].  
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There are several types of FACTS and they might be 

classified according to their connection to the network, such as 

series, parallel, series-parallel, or series-series. Moreover, their 

benefits for the network depend on their type, as well as their 

quantity, size, and location. 
This work proposes to apply the thyristor controlled serial 

compensator [4], [5]. The TCSC is connected in series to the 

transmission line and uses thyristor valves to control the line 

reactance, in order to control its power flow. The TCSC  has 

influence on the system,  enhancing the total transfer capability 

(TTC), improving voltage stability, reducing generation costs, 

and ameliorating security based on risk, besides other benefits 

[4]. 

A power system can operate safely and economically if its 

parameters are optimized. The optimal power flow (OPF) [6], 

[7] is widely used in the literature to optimize the power system 

and has variations that depend on the study objectives. One of 
these variations is the reactive optimal power flow (ROPF) that 

aims to optimize the network through the control of the reactive 

power injections available in the network and adjustment of 

other controls, such as the tap settings of the load tap changing 

(LTC) transformer [8]. The OPF can also be modeled to allocate 

devices, as proposed in this work - TCSC allocation. In this 

modeling, binary variables [9] must be included in the problem, 

representing the allocation (value 1) or no allocation (value 0) 

of a device in a network location.  

The FACTS allocation problem is a mixed-integer nonlinear 

programming (MINLP) problem [9] and has been solved in the 
literature applying different techniques. 

Heuristic and metaheuristics has been widely used for 

example in [10] to determine the optimal placement of the 

TCSC in order to obtain the lowest generation cost. In the paper, 

the author used differential evolution (DE) and compared the 

results using genetic algorithms (GAs). In [11] a method for 

decreasing power losses and voltage regulation by means of 

optimal locating and sizes of the reactive power compensators 

(SVC and TCSC) is proposed by means of Dynamic 

Programming (DP) and PSO algorithm. The hybrid tabu search 

and simulated annealing (TSSA) was used in [12] in order to 
locate TCSC and static var compensator (SVC) in the IEEE 

118-bus test system to maximize load capacity and minimize 

transmission loss. The authors of [13] use the adaptive cuckoo 

search (ACS) metaheuristic to identify the optimal allocation of 

a TCSC in the IEEE 9-bus test system, in order to minimize 

transmission loss in this network, and compared the results with 

a particle swarm optimization (PSO) and GA. The PSO is also 

employed in [13] with the objective of finding locations and 
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specification of TCSCs and the unified power flow controllers 

(UPFCs) in order to optimize the annual cost and the security 

of the power system studied, considering four different 

scenarios. Evolutionary strategy (ES) is employed by the 

authors of [14] to optimally allocate TCSCs in the IEEE 14-bus 
test system in order to minimize installation cost and maintain 

operational limits. In [15] the authors used the improved moth 

flame optimization (IMFO) technique for optimal location and 

specification of (TCSC) with the objective of reducing load 

shedding, preventing voltage collapse, and enhancing the power 

system load capacity. A cuckoo search (CS) metaheuristic is 

used in [16] for best locations of single and multi-type FACTS 

device. A metaheuristic approach named grey wolf optimizer 

(GWO) is used, considering a multi-objective task, for optimum 

tuning of TCSC [17]. In [18] is used a GA for the optimum 

setting of TCSC. The whale optimization algorithm (WOA) is 

used for the optimal setting of TCSC and SVC in [19]. A 
chemical reaction optimization (CRO) is a relatively new 

metaheuristic technique which is applied in [20] for optimal 

allocation of SVC and TCSC. In [5] the authors investigated the 

influence of switching losses on the optimum allocation of the 

TCSC in power systems, using a Multi-Objective optimization 

technique. An optimization algorithm, Multi-Objective 

Artificial Bee Colony (MOABC) was used in the solution 

process. An implementation of chaotic immune symbiotic 

organisms search (CISOS) is used to solve optimal TCSC 

allocation problem in [21]. As noted in the consulted 

bibliography, many studies use metaheuristics. However, due 
to the stochastic characteristic of the metaheuristics, the optimal 

solution cannot be guaranteed, as well as a conservative 

solution. 

Some authors explore the mathematical programming, such 

as the authors of [22] who use a Benders decomposition 

approach to find the optimal location and setting of TCSCs in 

the IEEE 118-bus test system in order to minimize the 

generation cost and investment cost of installing of the TCSCs. 

In [23] is proposed a methodology for TCSC planning using 

mixed integer programming (MIP) in order to improve the 

voltage profile, as well as minimize the investment and 

maximize the system load capacity. 
In this paper, a B&B algorithm was used to allocate several 

TCSC. The modeling modifies the Y-bus matrix, where the 

binary variables are added. The B&B algorithm uses the interior 

point method to solve the ROPF problem, aiming maximum 

load capacity that is distributed equally between all load buses 

of the system. The methodology is identified in this work as 

B&B-Y. Thereafter, the executed simulation obtained through 

the B&B-Y is compared to the hybrid TSSA and evolutionary 

programming (EP) algorithms [12], demonstrating the B&B-Y 

quickness. Finally, a predicted overload is considered in the 

system and the B&B-Y runs again to allocate TCSC in order to 
analyze different scenarios with different considerations in the 

objective function. 

Therefore, the main contribution of this paper is the modeling 

of the problem, which represents the binary variables in the Y-

bus matrix, and the heuristic of optimization, which consists of 

verifying the maximum load capacity in relation to the quantity 

of TCSCs, and then analyze the system with different 

objectives. This heuristic modeling makes feasible the use of 

B&B algorithm, which can be confirmed based on the results 

presented. 

The rest of this paper is organized as follows: Section II 

presents the TCSC and its expression applied in the ROPF 

formulated. Section III describes the ROPF problem. Section 
IV presents the methods used to solve the MINLP problem 

created. Section V provides computational results and 

discussion on implementing in the IEEE 118-bus test systems 

considering line thermal limits. Finally, some concluding 

remarks are offered in Section VI. 

II. THYRISTOR CONTROLLED SERIES COMPENSATOR 

The TCSC, represented in Fig. 1, is a FACTS device, which 

is basically composed of a fixed series capacitor, C, in parallel 
with a thyristor-controlled reactor (TCR). The TCR is 

composed of a reactor, L, controlled by antiparallel thyristor 

pair, T1 and T2, which have the function of controlling the 

current injected in the line. This is the basic concept of TCSC, 

disregarding any protective equipment [24], [25]. 
 

 
Fig. 1.  Basic one-line diagram of TCSC. 

 

A TCSC is inserted in the transmission line in order to control 

the effective reactance of the line, what is composed of the 

characteristic reactance of the line plus the TCSC reactance. A 

diagram of the line with TCSC located is presented in Fig. 2. 
 

 
Fig. 2.  Basic one-line diagram of transmission line with TCSC located. 

 

The Fig. 2 is converted into the equation showed below: 
 

𝑋𝑘𝑚 = 𝑋𝑙𝑖𝑛𝑒𝑘𝑚
+ 𝛽

𝑘𝑚
. 𝑋𝑇𝐶𝑆𝐶𝑘𝑚

 (1) 
 

where 𝛽
𝑘𝑚

 is the binary variable that defines the line where the 

TCSC is allocated considering the following: 

{
𝛽𝑘𝑚 = 0, TCSC is not allocated in the line from bus k to m.
𝛽𝑘𝑚 = 1, TCSC is allocated in the line from bus k to m.      

 

The admittance matrix used to calculate the power flow [26] 

contains information about the network elements, such as lines, 

transformers, compensators, etc. 
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Therefore, (2) and (3), respectively, represent the 

conductance and susceptibility of the line formulated in the 

algorithm, to introduce the TCSC information in the Y-bus 

matrix. 
 

𝑔
𝑘𝑚

=
𝑅𝑙𝑖𝑛𝑒𝑘𝑚

𝑅𝑙𝑖𝑛𝑒𝑘𝑚

2 + (𝑋𝑙𝑖𝑛𝑒𝑘𝑚
+ 𝛽

𝑘𝑚
𝑋𝑇𝐶𝑆𝐶𝑘𝑚

)
2 (2) 

 

𝑏𝑘𝑚 =
−(𝑋𝑙𝑖𝑛𝑒𝑘𝑚

+ 𝛽
𝑘𝑚

𝑋𝑇𝐶𝑆𝐶𝑘𝑚
)

𝑅𝑙𝑖𝑛𝑒𝑘𝑚

2 + (𝑋𝑙𝑖𝑛𝑒𝑘𝑚
+ 𝛽

𝑘𝑚
𝑋𝑇𝐶𝑆𝐶𝑘𝑚

)
2 (3) 

where gkm is the line conductance from bus k to bus m; bkm is the 

line susceptance from bus k to bus m; and 𝑅𝐿𝑖𝑛𝑒𝑘𝑚  is the line 

resistance from bus k to bus m. 

In addition, TCSC compensation is limited due to its intrinsic 

characteristic. The TCSC reactance is calculated as represented 

in (4). 

𝑋𝑇𝐶𝑆𝐶 = 𝛼𝑇𝐶𝑆𝐶 . 𝑋𝑙𝑖𝑛𝑒 (4) 

where 𝛼𝑇𝐶𝑆𝐶  is the degree of compensation by TCSC.  

This paper considers a work range of a TCSC 𝛼𝑇𝐶𝑆𝐶  from 

- 0.7 to 0.2 [27]. 

This formulation introduces the variables 𝛽𝑘𝑚 (binary) and 

𝛼𝑇𝐶𝑆𝐶  (continuous) in the Y-bus matrix, which are optimized 

in the process.             

III. REACTIVE OPTIMAL POWER FLOW  

ROPF is a specific problem related to FPO, where all active 

power generation are fixed, except the swing bus. The 

injections of reactive power are adjusted by devices with 

reactive generation available, and other network controls, such 

as taps of transformers. In addition to this model, the TCSC 

reactances are controlled too. The problem also considers the 

TCSC allocation, making it a MINLP problem, as described by 

(5) - (13). 
 

max F (5) 

Subjected to 

𝑃𝑔𝑘
− 𝑃𝐿𝑘

− 𝑉𝑘 ∑ 𝑉𝑚(𝐺𝑘𝑚𝑐𝑜𝑠𝜃𝑘𝑚

𝑚∈𝜅

+ 𝐵𝑘𝑚𝑠𝑖𝑛𝜃𝑘𝑚) = 0 

(6) 

𝑄𝑔𝑘
+ 𝑄𝑘

𝑠ℎ − 𝑄𝐿𝑘
− 𝑉𝑘 ∑ 𝑉𝑚(𝐺𝑘𝑚𝑠𝑖𝑛𝜃𝑘𝑚

𝑚∈𝜅

− 𝐵𝑘𝑚𝑐𝑜𝑠𝜃𝑘𝑚) = 0 

(7) 

𝑉𝑘
𝑚𝑖𝑛 ≤ 𝑉𝑘 ≤ 𝑉𝑘

𝑚𝑎𝑥 (8) 

𝛼𝑇𝐶𝑆𝐶
𝑚𝑖𝑛 . 𝑋𝑙𝑖𝑛𝑒 ≤ 𝑋𝑇𝐶𝑆𝐶 ≤ 𝛼𝑇𝐶𝑆𝐶

𝑚𝑎𝑥 . 𝑋𝑙𝑖𝑛𝑒 (9) 

𝑄𝑔𝑘

𝑚𝑖𝑛 ≤ 𝑄𝑔𝑘
≤ 𝑄𝑔𝑘

𝑚𝑎𝑥 (10) 

𝑃𝑡ℎ𝑘𝑚
𝑚𝑖𝑛 ≤ 𝑃𝑘𝑚 ≤ 𝑃𝑡ℎ𝑘𝑚

𝑚𝑎𝑥 (11) 

𝑛𝑇𝐶𝑆𝐶 = ∑ 𝛽𝑘𝑚 (12) 

𝛽𝑘𝑚 = 0 𝑜𝑟 1 (13) 
 

where 𝐹 is the objective function; Pgk is the active output of the 

generating units in the bus k; Qgk is the reactive output of the 

generating units in the bus k; 𝑄𝑘
𝑠ℎ is reactive power injection 

due to shunt elements in the bus k. 𝑃𝐿𝑘
 is the active power 

consumed in the bus k; 𝑄𝐿𝑘
 is the reactive power consumed in 

the bus k; Vk is the voltages in the bus k; Vm is the voltages in 

the bus m; Gkm is the real element of the admittance matrix 

element; Bkm is the imaginary element of the admittance matrix 

element; 𝜃𝑘𝑚 is the phase angle between bus k and bus m; 𝑉𝑘
𝑚𝑖𝑛  

is the minimum voltage limit; 𝑉𝑘
𝑚𝑎𝑥  is the maximum voltage 

limit; 𝑄𝑔𝑘
𝑚𝑖𝑛  is the minimum reactive outputs of the generating 

units in the bus k; 𝑄𝑔𝑘
𝑚𝑎𝑥  is the maximum reactive outputs of the 

generating units in the bus k; 𝑃𝑡ℎ𝑘𝑚
𝑚𝑖𝑛 is the minimum line 

thermal limit in the line from k to m; 𝑃𝑡ℎ𝑘𝑚
𝑚𝑎𝑥 is the maximum 

line thermal limit in the line from k to m; Pkm is the active power 

flow in the line from k to m; and nTCSC is the amount of TCSC 

available to be allocated.  

1.1. Objective Function 

The problem objective is to maximize the system load capacity, 

improve the voltage profile at 1 pu, and minimize the total 
active power loss. This situation is formulated as multi-

objective optimization problems, also called of multicriteria, 

multiperformance or vector optimizations [28]. Therefore, (5) 

is calculated as: 
 

𝐹 = 𝑤1 ∑ 𝑆𝐿𝑘

𝑁𝐵

𝑘=1

+ 𝑤2 ∑(1 − 𝑉𝑘)2

𝑁𝐵

𝑘=1

+ 𝑤3 ∑ 𝑔𝑘𝑚(𝑉𝑘
2 + 𝑉𝑚

2

𝑁𝐿

𝑖=1

− 2𝑉𝑘𝑉𝑚𝑐𝑜𝑠𝜃𝑘𝑚) 

(14) 

 

where 𝑔𝑘𝑚 is the conductance of the 𝑘 − 𝑚 line; NB is the total 

number of busses in the network; NL is the total number of lines 

in the network i; w1, w2, w3 are the weight constants; and 𝑆𝐿𝑘
 is 

the apparent power consumed in the bus k. The final active and 

reactive powers consumed in each bus are calculated through 

an overload factor that is multiplied by the nominal active 

(𝑃𝐿0𝑘
) and reactive (𝑄𝐿0𝑘

) load, maintaining the load power 

factor. 
 

𝑃𝐿𝑘
= 𝛿𝑃𝐿0 𝑘

 (15) 

𝑄𝐿𝑘
= 𝛿𝑄𝐿0𝑘

 (16) 
 

where 𝛿 is the overload factor. This overload factor is used in 

order to demonstrate the overload supported by the network. 

1.2. Variables 

The variables of this problem can be divided into two sets, 

called controlled variables and control variables. Controlled 

variables describe the system response to changes in control 

variables, such as voltage magnitude in load buses and currents 

in transmission lines. On the other hand, the control variables 

can be adjusted to find the optimal solution problem. The 

control variables are, for example, the voltage magnitude of the 

generator buses, the reactivity power of the generator units, the 

reactance of the TCSC, and the binary variable that represents 

TCSC allocation. 

1.3. Equality Constrains 

The equality constraints are the system power balance 

equation at each node [26], as represented in (6) and (7). 
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1.4. Inequality Constrains 

The inequality constraints are the physical and operational 

limits of the system. This paper considered a permitted 

variation of ±6% in the voltage magnitude for each bus, the 

degree of compensation by TCSC, limits of the reactive power 

of generating units, line thermal limits [29], the amount of 

TCSC, the binary variable and the tap settings of the LTC 

transformers. 

IV. COMPUTATIONAL TOOLS 

The problem purposed is implemented in AMPL 

programming language [30] and solved through the solver 
Knitro [31], [32], which provides different methods to solve 

MINLP problems. 

In this paper, the optimization problem is solved through 

B&B algorithm with the use of an interior point (IP) method. 

The Knitro offers a nonlinear B&B method. The B&B method 

is primarily designed for convex models, but it can also be 

applied to non-convex models. In this case, it may sometimes 

get stuck at integer feasible points that are not globally optimal 

solutions when the model is nonconvex. Thus, there is no 

guarantee that the solution found is the global optimal. To 

minimize this deficiency, the solver works with various search 

strategies involving B&B, which can be chosen automatically 

by the solver, depending on the size and characteristics of the 

problem. Several algorithmic options to solve the non-linear 

programming problem are available at Knitro [31]. In this 

paper, the IP method was used, which will be used in the 

solution of the B&B subproblems. An overview of the IP and 

B&B methods is presented in sequence. 

A. Overview of Interior Point Method 

The interior point method is also known as a barrier method 

[32], [33]. The problem solved by this method has the form: 
 

Minimize 

𝑓(𝑥, 𝑦) − 𝜇 ∑ 𝑙𝑛 𝑠 

Subjected to 

ℎ(𝑥, 𝑦) = 0 

𝑔(𝑥, 𝑦) − 𝑠 = 0 

(17) 

 

where 𝑥 ∈  ℝ𝑛, 𝑦 is binary, 𝜇 > 0, 𝑠 slack variables, 𝑓(𝑥) 

represents the objective function and ℎ(𝑥) and 𝑔(𝑥) represent 
the equality and inequality constraints, respectively. 

The algorithm consists of finding solutions of the barrier 

problem in (17), using trust regions and a merit function to 

promote convergence. The solving process is repeated until the 

solution reaches the desired accuracy, decreasing the barrier 

parameter for each sub-problem. In order to solve the barrier 

problem (17) considering a determined barrier parameter, a 

Lagrangian function in (18) is associated to this function. 𝜆 and 

𝜋 are the Lagrange multipliers. 

 
 

𝐿(𝑥, 𝑦, 𝑠, 𝜆, 𝜋) = 𝑓(𝑥, 𝑦) − 𝜇 ∑ 𝑙𝑛 𝑠

− 𝜆 ∑ 𝑙𝑛 ℎ(𝑥, 𝑦)

− 𝜋 ∑ 𝑙𝑛(𝑔(𝑥, 𝑦) − 𝑠) 

(18) 

 

Then, (18) has to state the first order necessary optimality 

conditions, as showed in (19), also called Karush-Kuhn-Tucker 
(KKT) conditions. 

 

𝛻𝐿(𝑥, 𝑦, 𝑠, 𝜆, 𝜋) = 0 (19) 
 

Every new step is iterated by solving the primal-dual KKT 

matrix using direct linear algebra [31] [32]. 

B. Overview of Branch and Bound Algorithm 

The B&B method was developed in the 1960s [34] for 
application to discrete and combinatorial optimization 

problems and it is widely used to solve integer linear 

programming (ILP) problems. The prerogative of B&B is to 

explore a research space through a tree search until the optimal 

solution to the problem is found. 

In the B&B for a binary searching, this method is initialized 

with a continuous relaxing of the problem. Considering (x∗∗; y∗∗) 

a feasible solution and y∗∗ is equal to 0 or 1, then it is the first 

incumbent solution (I). If (x∗; y∗) a feasible solution but y∗ is not 
binary, then the problem must be divided into sub-regions, 

creating sub-problems called nodes. 
 

Maximize 

𝑓(𝑥, 𝑦) 

Subjected to 

ℎ(𝑥, 𝑦) = 0 

𝑔(𝑥, 𝑦) ≥ 0 

xmin ≥ x ≥ xmax 

y ≥ 0 

(20) 

 

and 
 

Maximize 

𝑓(𝑥, 𝑦) 

Subjected to 

ℎ(𝑥, 𝑦) = 0 

𝑔(𝑥, 𝑦) ≥ 0 

𝑥𝑚𝑖𝑛 ≥ 𝑥 ≥ 𝑥𝑚𝑎𝑥  

𝑦 ≤ 1 

(21) 

 

If a problem solution is infeasible, then it is called sounded 

(S). If a problem solution is feasible and y is binary, then it has 

two results: a) if it is worse than (x∗∗; y∗∗), then the solution is 

S; else b) it is the new I (x∗∗; y∗∗) and then the old I becomes S. 

Otherwise, the problem is divided into sub regions again, 

continuing the programming until I is found through the B&B 
Tree created by this entire process [35]. Fig. 3 presents the 

flowchart based on B&B algorithm. 

The performance of the B&B algorithm is related to the 

search strategy (SS) used. In [36], several strategies are 

presented, such as depth-first search (DFS), breadth-first search 

(BrFS), best-bound search (BBS) and cyclic best-first search 

(CBFS) strategy that is a generalization of these three. Another 

key point in a B&B algorithm is the definition of the branch 

strategy (BS), what determines how the subproblems will be 
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divided. There are some strategies, such as binary branching 

(BB) [36], wide branching (WB) [36],  pseudocost branching 

(PCB) [37], most fractional (MF) [38], strong branching (SB) 

[38], among others. The choice of both SS and BS was 

automatically defined by the Knitro solver, who makes the 
decision based on the problem characteristics. 

 
Fig. 3.  Flowchart based on B&B algorithm. 

 

V. CASE STUDY 

The model is tested and evaluated using a modified IEEE 

118-bus system, in order to demonstrate the applicability of the 

proposed procedure. The network data for the 118-bus is 

available in [39] and the line thermal limits used are in 
Appendix (Table A),  found in [40]. This network has 179 

sections, 9 of which are transformers and 170 candidate 

transmission lines for device allocation. The LTC transformer 

tap is assumed to be set to 1. The power system includes 54 

thermal units. Bus 69 is the slack system bus. The total grid load 

for the nominal case is 4,242 MW and 1,438 Mvar, referring to 

active and reactive power, respectively. 

The problem was implemented in AMPL, using the Knitro 

solver. The simulations were performed using an Intel Core i5-

5200U 1000GB HDD personal computer with an installed 

memory (RAM) of 4GB on a Microsoft Windows 10 64-bit 
operating system. 

A. Maximum Load Capacity 

The analysis methodology initially consists of run the ROPF 

to find the maximum load capacity supported by the network in 

relation to the quantity of TCSC available for allocation. The 

weight constants of the target function (14) used are 𝑤1 = 1, 

𝑤2 = 0 and 𝑤3 = 0. The results obtained in this analysis are 

shown in Fig. 4. 

In this case, there is an expressive overload increasing when 

the firsts three TCSC are allocated in the network, as shown in 

Fig 4. From three allocated TCSCs there are no major 

contributions, indicating that three is an acceptable value. 

Furthermore, the maximum overload tolerated by the system is 

1.226 pu, i.e., total active and reactive loads of up to 5,200.7 

MW and 1,763.0 Mvar, respectively. 

 
Fig. 4.  Overload factor and B&B nodes numbers versus amount of TCSC 

allocated in the system. 

 

The B&B-Y performance is presented in the Table I. The 

results demonstrate that the quantity of TCSC available to be 
allocated is not proportional to the run time of the program, as 

well as it is not linked to the B&B Tree dimension. 

In this paper, the computational performance obtained in the 

Table I (for 2 TCSCs) was compared with the results obtained 

in [11]. However, EP obtained the performance in [11] and 

Hybrid TSSA, considering the same operating conditions used 

in this work. Note that the results in Table I presents an 

execution time 1,802.79 seconds faster than Hybrid TSSA and 

2,412.99 seconds faster than EP. The authors of [12] also 

consider the weight constants in (14) as being 𝑤1 = 1, 𝑤2 = 0 

and 𝑤3 = −1, but the overload is applied unequally only in load 

buses and the active power generation is distributed through 

every generation buses, respecting their limits. 

TABLE I 

PROGRAMMING PERFORMANCE PER TCSC AMOUNT 

TCSC 

Qty 

Total 

Nodes 

CPU 

Time [s] 

Overload 

[pu] 

0 - - 1.142 

1 3 2.19 1.166 

2 5 3.81 1.186 

3 48 31.09 1.198 

4 115 104.45 1.201 

5 105 98.33 1.206 

6 163 158.00 1.211 

7 150 181.42 1.214 

8 59 138.53 1.216 

9 462 730.27 1.218 

10 4554 6,137.19 1.220 

15 1301 1,971.98 1.224 

20 2103 3,963.39 1.225 

25 17463 3,1356.48 1.225 

B. Planning System Overload 

The system without any FACTS device supports an overload 
up to 1.142 pu. However, planning an increase in consumption 

up to 17.5% in the network, at least two TCSC are necessary 

with the aim of supporting such overload, respecting the 

operational limits, since only one TCSC supports an increase of 

up to 16.6%. 
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This initial analysis is important for the system planner to 

know the system's capacity as a function of the number of 

TCSC, and from there, evaluate the best place to allocate the 

TCSC in terms of the defined operational objectives. 

Therefore, two TCSC must be available to support 17.5% 
overload. With the purpose of taking advantage of the available 

FACTS and improve the network, the weight constants in the 

objective function (14) can be changed to reallocate the TCSC. 

Table II presents some system parameters for the different 

allocations simulated so far, where: 

a) Case 1: 𝑤1 = 1, 𝑤2 = 0 and 𝑤3 = 0 (seeks maximum 

loading, presents in the item A); 

b) Case 2: 𝑤1 = 0, 𝑤2 = −1 and 𝑤3 = 0 (seeks the 

minimum voltage deviation in relation to 1 pu); 

c) Case 3: 𝑤1 = 0, 𝑤2 = 0  and 𝑤3 = −1 (seeks the 

minimum active loss in the system); 

d) Case 4: 𝑤1 = 0, 𝑤2 = −0.95 and 𝑤3 = −0.05 (seeks a 

balance between minimum voltage deviation and active 

losses). 

The values of 𝑤2 and 𝑤3 were obtained experimentally 

searching a balance between the objectives. 

Table II shows that both cases have one TCSC allocated in 

the line 69-77 with inductive effect, in order to limit the power 

flow on this line.  
This is the most critical line in thermal limit, as shown in 

Table III, which ranks from highest to lowest value of the first 

three Lagrange multipliers [41], π, when optimizing the system 

without FACTS devices [42], [43]. This means that this line is 

the most susceptible to variation of the objective function when 

their parameters are changed. 

Case 2 considers only minimizing the voltage deviation. As 

can be seen in the last column, the sum of the voltage deviation 

is the smallest for case 2 (1.2004 pu). Case 3 considers only the 

minimization of losses, with a value of 233 MW. Depending on 

the objective, the allocation of the TCSC can be different, what 

validates the algorithm. Case 4 presents an equilibrium 
regarding the minimization of voltage deviation and active 

losses, what can be a good alternative, since the allocation the 

TCSC coincides with case 3. 

Regarding allocations, all the lines chosen are connected to 

the slack bus, the only bus with active generation available in 

the study. 
 

TABLE II.  

SYSTEM PARAMETERS WITH 2 TCSC ALLOCATED, CONSIDERING DIFFERENT 

WEIGHT CONSTANTS IN THE OBJECTIVE FUNCTION 

Cases Allocation 

[from-to] 

𝛂𝐓𝐂𝐒𝐂 𝛅 Total 

Active 

Loss 

Total 

Voltage 

Deviation 

1 69-75 -0.70 1.186 pu 281 MW 3.3150 pu 

69-77 0.20 

2 69-75 -0.61 1.175 pu 264 MW 1.2004 pu 

69-77 0.20 

3 69-70 -0.60 1.175 pu 233 MW 4.4478 pu 

69-77 0.20 

4 69-70 -0.70 1.175 pu 254 MW 1.2804 pu 

69-77 0.20 

 

TABLE III 

LAGRANGE MULTIPLIER 

Line 

[from to] 

𝛑 

69 77 4.87370373862 

23 32 0.00000003256 

68 69 0.00000002142 

 

The Case 2 allocates the TCSC in the line 69-75, since the 

bus 75 presents the biggest voltage deviation where the voltage 

is equal to 0.9713 pu, so the device allocated in this line is used 
to increase the voltage and make it closer to 1 pu. The Fig. 5 

illustrates the voltage in the buses connected to the slack bus. 
 

 
Fig. 5.  Overload factor versus amount of TCSC allocated in the system. 

 

Cases 3 and 4 have TCSC allocated in the line 69-70, as this 

line limits more power flowing through the line and leads to less 

power loss than placing TCSC in the line 69-75. However, the 

control of TCSCs reactance in the Case 3 is reduced with the 

aim of decreasing the total power loss, by diminishing the 

power flow in this line. The Fig. 6 illustrates the power flows in 

some transmission lines, as well as their limits in the Cases 3 

and 4. The losses are presented in the Table IV. 
 

 
Fig. 6. Power flow and thermal limit in each line  

 

 

TABLE IV 

 TRANSMISSION LOSSES 

Lines 

[from-to] 

Losses [MW] 

Case 3 Case 4 

69-47 14.0 15.1 

69-49 13.6 14.6 

69-68 0.0 0.0 

69-70 19.6 23.6 

69-75 8.8 8.2 

69-77 8.5 8.6 
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VI. CONCLUSION 

In this paper, a mathematical programming approach based 

on alternative modeling of the Y-bus matrix with a B&B 

algorithm was proposed to determine the optimal location of 

TCSC, considering the thermal limits of the line. The problem 

was modeled with a ROPF and applied to the IEEE 118-bus test 

system. First, the ROPF is solved considering the objective 

function of maximizing the system load capacity by allocating 

different quantities of devices in the network. This simulation 

results showed the relationship between increased transmission 

capacity and the amount of TCSC, highlighting the importance 

of this analysis due to the costs related to the equipment. 

Subsequently, two TCSC are allocated considering in addition 
to the initial scenario, three more scenarios, with different 

weight constants in the objective function. The simulation 

results illustrate the importance of controlling the reactance of 

the TCSC. The TCSC with inductive effect can be used to limit 

the power that flows in the overloaded lines; otherwise, the 

TCSC with capacitive effect can be used to improve the power 

that flows in the line with more availability. The performance 

of B&B-Y is compared to TSSA hybrid technique and EP 

algorithm, showing the good yield of the B&B-Y algorithm for 

the problem formulated. For future work, we suggest 

implementing a formulation that considers the dispatch of the 
active and reactive powers of the generators and the cost of the 

TCSC, with the objective of minimizing the costs involved and 

maximizing the loading of the system. 

APPENDIX 

TABLE A 

 LINE THERMAL LIMITS USED OF 118-BUS SYSTEM. 

k m MW k m MW k m MW 

1 2 175 44 45 175 68 81 500 

1 3 175 45 46 175 80 81 500 

4 5 500 46 47 175 77 82 200 

3 5 175 46 48 175 82 83 200 

5 6 175 47 49 175 83 84 175 

6 7 175 42 49 175 83 85 175 

8 9 500 45 49 175 84 85 175 

5 8 500 48 49 175 85 86 500 

9 10 500 49 50 175 86 87 500 

4 11 175 49 51 175 85 88 175 

5 11 175 51 52 175 85 89 175 

11 12 175 52 53 175 88 89 500 

2 12 175 53 54 175 89 90 500 

3 12 175 49 54 175 90 91 175 

7 12 175 54 55 175 89 92 500 

11 13 175 54 56 175 91 92 175 

12 14 175 55 56 175 92 93 175 

13 15 175 56 57 175 92 94 175 

14 15 175 50 57 175 93 94 175 

12 16 175 56 58 175 94 95 175 

15 17 500 51 58 175 80 96 175 

16 17 175 54 59 175 82 96 175 

17 18 175 56 59 175 94 96 175 

18 19 175 55 59 175 80 97 175 

19 20 175 59 60 175 80 98 175 

15 19 175 59 61 175 80 99 200 

20 21 175 60 61 500 92 100 175 

21 22 175 60 62 175 94 100 175 

22 23 175 61 62 175 95 96 175 

23 24 175 59 63 500 96 97 175 

23 25 500 63 64 500 98 100 175 

25 26 500 61 64 500 99 100 175 

25 27 500 38 65 500 100 101 175 

27 28 175 64 65 500 92 102 175 

28 29 175 49 66 500 101 102 175 

17 30 500 62 66 175 100 103 500 

8 30 175 62 67 175 100 104 175 

26 30 500 65 66 500 103 104 175 

17 31 175 66 67 175 103 105 175 

29 31 175 65 68 500 100 106 175 

23 32 140 47 69 175 104 105 175 

31 32 175 49 69 175 105 106 175 

27 32 175 68 69 500 105 107 175 

15 33 175 69 70 500 105 108 175 

19 34 175 24 70 175 106 107 175 

35 36 175 70 71 175 108 109 175 

35 37 175 24 72 175 103 110 175 

33 37 175 71 75 175 109 110 175 

34 36 175 71 73 175 110 111 175 

34 37 500 70 74 175 110 112 175 

37 38 500 70 75 175 17 113 175 

37 39 175 69 75 500 32 113 500 

37 40 175 74 75 175 32 114 175 

30 38 175 76 77 175 27 115 175 

39 40 175 69 77 175 114 115 175 

40 41 175 75 77 175 68 116 500 

40 42 175 77 78 175 12 117 175 

41 42 175 78 79 175 75 118 175 

43 44 175 77 80 500 76 118 175 

34 43 175 79 80 175    
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