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Abstract—This paper presents an automated methodology
for the design of compact modified Cesàro fractal resonators.
Python scripts integrated with HFSS are used to generate
these structures, offering a compact alternative to conventional
square-loop resonators for chipless RFID tags through iterative
size reduction. Unlike the Koch curve, which is constrained to a
fixed 60° indentation angle, the Cesàro fractal allows this angle
to be freely adjusted as a design parameter, enabling greater
geometric flexibility and control over the resonant frequency. The
proposed methodology encompasses theoretical fractal analysis,
script-driven geometry generation, full-wave electromagnetic
simulation, fabrication, and experimental validation. Results
demonstrate precise control over the resonant frequency, and
experimental validation confirms the Cesàro fractal as an
efficient, compact alternative to square-loop resonators for
high-performance chipless RFID systems.

Link to graphical and video abstracts, and to code:
https://latamt.ieeer9.org/index.php/transactions/article/view/10722

Index Terms—Chipless RFID, fractal resonator, Cesàro fractal,
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I. INTRODUCTION

RADIO FREQUENCY IDENTIFICATION (RFID) tech-
nology has become ubiquitous in modern automatic iden-

tification systems, enabling wireless data exchange between
tags and readers via backscattered radio waves [1]. Among
the various RFID implementations, chipless RFID tags have
garnered significant attention due to their potential for low cost
fabrication, as they eliminate the need for silicon integrated
circuits [2]. This makes them particularly attractive for item-
level tracking in logistics, retail, and healthcare applications
within the Internet of Things (IoT) paradigm [3].

In chipless RFID systems, information is encoded through
the interaction between the reader’s interrogating signal and
the physical structure of the tag itself. Two primary encoding
approaches are commonly employed: time-domain encoding,
which relies on delay lines, and frequency-domain encoding
using resonant structures. This paper focuses on the latter,
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where multiple resonators are coupled to a transmission line to
create distinct frequency signatures that represent binary data.

Fig. 1 illustrates a canonical square-loop resonator coupled
to a microstrip transmission line, a fundamental building block
in frequency-domain chipless tags.

Fig. 1. Square-Loop Resonator Configuration.

Due to the inductive coupling between the microstrip feed
line and the square-loop resonator, when the resonator res-
onates at a specific frequency, it extracts energy from the
wave propagating along the microstrip line. This increases the
current density level on the resonator while decreasing it on
the line. As a result, a pronounced attenuation (notch) appears
at that frequency in the S21 curve. In this case, a low current
level reaches port 2, a situation defined as a logic ”0” state,
shown in Fig. 2 (a).

Conversely, when resonance does not occur, there is mini-
mal coupling between the line and the resonator. The current
density level remains high on the line and low on the resonator.
Consequently, the S21 curve exhibits low attenuation, and a
high current level reaches port 2, corresponding to a logic
”1” state, as shown in Fig. 2 (b). This binary encoding
mechanism forms the foundation of frequency-domain chipless
RFID systems [4].

The encoding of multibit codewords requires the coupling
of multiple resonators to the microstrip line, which inevitably
increases the overall footprint of the tag. Since the resonant
frequency of a loop resonator is fundamentally determined by
its perimeter, a common miniaturization strategy involves the
use of fractal geometries [5]. These structures can maintain
a constant electrical length (perimeter) while occupying a
significantly reduced physical area, making them attractive for
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(a)

(b)

Fig. 2. (a) Square loop resonator, bit 0. (b) Square loop resonator, bit
1.

compact RF devices. Chipless RFID systems employ fractal
structures due to their unique geometric properties. The self-
similarity property enables the creation of complex configura-
tions through pattern repetition, allowing the design of com-
pact resonators capable of operating at multiple frequencies
without requiring large physical footprints. In chipless RFID
systems, this facilitates the development of tags with increased
data storage capacity or enhanced operational efficiency, even
within severely constrained spaces. On printed circuit boards,
fractals enable the realization of surfaces that can filter, reflect,
or transmit radio signals across multiple frequency bands.
Furthermore, fractal structures can enhance key performance
characteristics such as miniaturization and bandwidth.

II. RELATED WORK

Recent advances in chipless RFID have explored various
resonator geometries to achieve compactness and spectral
efficiency. Square-loop resonators remain the most prevalent
due to their simplicity and well-understood behavior. However,
the growing demand for miniaturized and high-capacity tags
has motivated the investigation of fractal geometries, which
exploit self-similarity to increase electrical length within a
reduced physical area.

Among the most studied approaches, Koch fractal curves
have been applied to complementary split ring resonators
(CSRRs) in composite right/left-handed transmission lines
[6], where first and second order iterations yielded reso-
nant frequency reductions of 22% and 34%, respectively,
while preserving the outer dimensions of the resonator (l =
11 mm). Minkowski fractal resonators have also been widely
explored for sensor and filter applications: Nantapanich et
al. [7] proposed a second-order NP-model Minkowski res-
onator in microstrip technology that resonates at 2.936 GHz
within a 12.50×12.50 mm footprint. In a related direction,

Govindankutty et al. [8] demonstrated that square-shaped
fractal patterns applied to open complementary split ring
resonators (OCSRRs) on a single conducting layer can reduce
the resonant frequency from 920 MHz to 485 MHz across
two iterations a 47.3% reduction, while keeping the physical
dimensions unchanged. Beyond these, Hilbert [9] [10] and
Moore [11] curve geometries have also demonstrated signifi-
cant electrical length increase within constrained areas, further
expanding the design space for compact resonators. In the
context of UHF RFID applications, Jalal et al. [12] proposed
a Minkowski fractal tag achieving a read range of 2.17 m
with compact dimensions, highlighting the practical viability
of fractal geometries beyond laboratory conditions.

Despite these advances, the geometries discussed above
still exhibit limited design flexibility, as their parameters
are typically fixed or allow only narrow tuning ranges. In
this context, the Cesàro fractal emerges as a promising yet
underexplored alternative. Unlike the Koch curve, which is
constrained to a fixed 60° angle, the Cesàro fractal introduces
a tunable deformation angle, enabling finer control over the
resonant frequency and miniaturization.

In addition, the practical use of fractal resonators is limited
by two main challenges: the largely manual design process,
which requires multiple simulation iterations, and the restricted
parametric control of conventional geometries, making fine
tuning difficult without altering the overall footprint an issue
that becomes critical in compact multibit tags.

To overcome these limitations, this work proposes an auto-
mated Python-based framework for generating Cesàro fractal
resonators. The approach enables systematic control of the
resonant frequency through perimeter variation (coarse tun-
ing) and angle adjustment (fine tuning). Experimental results
confirm that the proposed resonators achieve significant size
reduction while maintaining performance comparable to con-
ventional square-loop designs.

III. METHODOLOGY

The methodology of this work is divided into three main
parts. (A) ”Cesàro Fractal Geometry and Construction”, which
presents the mathematical formulation used to generate the
fractal structures studied in this work. (B) ”Parametric Design
Automation Using Python and HFSS”, where the Python
script developed for the automated generation of resonator
geometries is described. Finally, (C) ”Prototype Fabrication
of the Resonators”, which details the procedures used for the
physical fabrication of the proposed resonator structures.

A. Cesàro Fractal Geometry and Construction

To analyze the geometric aspects involved in the construc-
tion of these structures, it is necessary to first define the
variables associated with the Cesàro curve. Fig. 3 illustrates
the main geometric parameters of the Von Koch and Cesàro
curves. The total length of the fractal curve after n iterations
(Ln) is indicated in blue, the length of the initial straight-line
segment (L) in red, and the length of each segment of the
fractal curve (l) in yellow.
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The Cesàro curve can be regarded as a generalization of
the Von Koch curve. In the classical Koch construction, the
indentation angle is fixed at 60°, whereas in the Cesàro
curve this angle can assume different values. This additional
degree of freedom allows greater geometric flexibility in the
construction of fractal structures.

Length of the fractal curve after n iterations (Ln)
Length of the initial straight-line segment (L)
Length of each segment of the fractal curve (l)

Ln

l

L

Fig. 3. Variables of the Cesàro fractal curve: length of the fractal
curve after n iterations (Ln, blue), length of the initial straight-line
segment (L, red), and length of each segment of the fractal curve (l,
yellow).

For clarity, the construction of the Von Koch curve is first
reviewed, since it corresponds to a particular case of the
Cesàro curve.

Fig. 4 illustrates the iterative construction procedure. In
step (1), a straight line segment is defined as the zeroth-
order element (n = 0). In step (2), this segment is divided
into three equal parts, and the central segment is selected for
modification. In step (3), the selected segment is replaced by
two segments forming an equilateral triangle, ensuring that all
resulting segments have equal length.

In step (4), the same procedure is recursively applied to each
segment obtained in the previous stage, dividing every segment
into three equal parts and selecting their middle portions
for modification. Finally, in step (5), each of these middle
segments is replaced by two segments forming new equilateral
triangles. By repeating this recursive process, the fractal order
increases progressively, generating the well-known Von Koch
curve.

Based on Fig. 4, it can be observed that the number of
segments increases according to 4n, where n denotes the
fractal order. Additionally, at each iteration, every segment
is divided into three equal parts. Consequently, the length of
each segment, denoted by l, is given by l = L/3n where L
represents the length of the initial straight-line segment.

From these two results, a general expression for the total
length of the Von Koch curve after n iterations, Ln, can be
obtained, as given in (1).

Ln =

(
4

3

)n

× L (1)

Fig. 4. Von Koch curve construction process.

The difference between the Von Koch curve and the Cesàro
curve lies in the geometric construction of the triangle, specif-
ically in the value of its base. In the Von Koch curve, the
triangle is equilateral, therefore, all sides, including the base,
have equal length. In contrast, the Cesàro curve employs an
isosceles triangle. Although all constructed segments have
equal length l, the base of the isosceles triangle differs from the
other sides. Consequently, this geometric modification leads to
a reformulation of (1), resulting in (2), and Table I shows how
the number of segments increases with the iteration order and
how the length of each segment changes as a function of the
angle θ and the order n of Cesàro’s fractal curve

Ln =

(
4

(2× (cos(θ) + 1))

)n

× L (2)

TABLE I
NUMBER OF SEGMENTS AND LENGTH VALUES OF THE

CESÀRO CURVE

Order Number of segments Segment lengths (l)
0 1 l = L
1 41 l = L/(2× (cos(θ) + 1))1

2 42 l = L/(2× (cos(θ) + 1))2

3 43 l = L/(2× (cos(θ) + 1))3

4 44 l = L/(2× (cos(θ) + 1))4

5 45 l = L/(2× (cos(θ) + 1))5

... ... ...
n 4n l = L/(2× (cos(θ) + 1))n

Fig. 5 illustrates the first-order fractal design investigated
in this study, in which the base geometry was modified to
enhance the coupling efficiency between the resonator and the
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microstrip line. Variations in the indentation angle allow the

5 mm

θ

L

L

2× (cos(θ) + 1)

L

2× (cos(θ) + 1)

Fig. 5. The fractal proposal made in this study.

area of the fractal structure to decrease while the perimeter
remains constant. This property can be exploited to achieve
structural miniaturization without altering the total electrical
length of the resonator. Therefore, the main objective of this
work is to investigate how angular variation can be used
for miniaturization while also analyzing the influence of the
perimeter and angle parameters on the resonance frequency
of the fractal geometry. Fig. 6 illustrates the progressive
evolution of the fractal structure for angular increments of 10
degrees. Although all configurations maintain the same total
perimeter, a noticeable reduction in the effective area occupied
by the resonator is observed as the angle increases. This
geometrical compression results in a more compact footprint,
which is particularly advantageous in chipless RFID applica-
tions, where size reduction is often a key design requirement.
Furthermore, this controlled angular variation introduces an
additional degree of freedom for adjusting the electromagnetic
response of the structure without modifying its total perimeter.

0° 10° 20° 30° 40° 50° 60° 70° 80°

Fig. 6. Evolution of the fractal structure by modifying the angle and
maintaining the perimeter of the resonator.

B. Parametric Design Automation Using Python and HFSS

A Python script was developed to automate the generation
of fractal structures in HFSS. Fig. 7 shows these structures
constructed in HFSS: in (a) a first-order resonator, while in b)
there is a second-order resonator. In both cases, the resonator
and microstrip line are depicted in black (copper) over a
white FR4 substrate, with a ground plane located beneath
the structure. The script parametrically generates the geometry

from user-defined input variables, enabling systematic control
of parameters such as fractal order and angle. This approach
eliminates the need for manual, step by step modeling of
each configuration, the automation facilitates rapid iteration
and optimization studies, making the exploration of multiple
geometric variations more efficient.

(a) (b)

Fig. 7. a) First-order resonator. b) Second-order resonator.

The Python code implementing the algorithm used to
generate the fractal geometries presented in this work is
available at the following repository. The shared implemen-
tation corresponds to the portion of the code responsible
for the parametric generation of the fractal structures used
in this study: https://github.com/gabrielsaomartinhosilva-hue/
CesaroFractal/tree/main.

C. Prototype Fabrication of the Resonators

After the simulation phase, three first-order prototypes (0°,
45°, and 60°) and one second-order prototype (60°) were
fabricated using chemical etching. A DXF file from HFSS
was edited in AutoCAD and printed on transfer paper. The
FR4 substrates were cleaned, cut, thermally pressed at 200 °C
for 2 min, etched in ferric chloride, cleaned, and fitted with
SMA connectors. Frequency sweeps were then measured with
a VNA (Fig. 8). The FR4 substrates were experimentally char-
acterized [13], resulting in a relative permittivity of εr = 3.9
and a loss tangent of tan δ = 0.05.

Fig. 8. Vector network analyzer measuring the resonance frequencies
of the constructed prototypes.

IV. RESULTS AND DISCUSSION

The results of this work are presented in two main parts:

(A) “Influence of Design Parameters on the Resonant
Frequency” which focuses on a parametric study of the

https://github.com/gabrielsaomartinhosilva-hue/CesaroFractal/tree/main
https://github.com/gabrielsaomartinhosilva-hue/CesaroFractal/tree/main
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proposed structure. In this section, the main geometric
parameters are varied to observe their influence on
the resonance frequency obtained from electromagnetic
simulations. This analysis allows for a qualitative and
comparative understanding of how the design behaves under
different configurations.

(B) “Comparison Between Simulated and Fabricated Pro-
totypes” where the fabricated resonators are experimentally
evaluated and their behavior is compared with the corre-
sponding simulated models. This section aims to provide a
general validation of the proposed approach, relating practical
measurements to the expected simulation results.

A. Influence of Design Parameters on the Resonant Frequency

This section analyzes how variations in the perimeter and
angular parameters of the first-order Cesàro fractal affect the
resonant frequency of the resonator. To illustrate these effects,
two graphs are presented.

Fig. 9 shows the relationship between the perimeter values,
ranging from 60 to 80 mm in 1 mm increments, and the
resonant frequency (GHz), sampled at 0.1 GHz intervals. The
plotted curves correspond to the square loop resonator (0°) in
green, and the fractal geometries with angles of 45° and 60°
in blue and black, respectively.

The results indicate an inverse relationship between the
perimeter and the resonant frequency. As the perimeter in-
creases, the effective electrical length of the resonator also
increases, resulting in a decrease in the resonant frequency.
This behavior confirms that frequency tuning can be achieved
by adjusting the geometric parameters of the structure. Fig. 10
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Fig. 9. Influence of the Perimeter on the Resonant Frequency.

shows how angular variation in the first-order fractal affects
the resonance frequency. It presents three curves: the yellow
curve corresponds to fractals with a perimeter of 60 mm, the
orange curve represents those with a total perimeter of 70 mm,
and the blue curve corresponds to fractals with a perimeter of
80 mm. The figure displays angle variations from 0° to 70° in
1° increments, while the vertical axis indicates the resonance
frequency in GHz.

The results indicate that the resonance frequency remains

nearly constant, showing only a slight increase as the angle in-
creases. This suggests that the structure’s resonance frequency
can leverage variations in the angle as a parameter for fine-
tuning the resonance frequency.
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Fig. 10. Influence of the Angle on the Resonant Frequency.

B. Comparison Between Simulated and Fabricated Prototypes

This section presents the measured results of the analyzed
resonators through tables and plots comparing simulated S21

[dB] responses obtained in HFSS (green curves) with measure-
ments from a vector network analyzer (VNA) (red curves),
Fig. 11 and Fig. 12 show the main simulation parameters
of the first-order and second-order prototypes, respectively.
Some variables are not depicted because the figure is two-
dimensional while the prototype is three-dimensional. These
include Wf (width of the fractal base and segments), H (PCB
thickness), and t (copper thickness on both the top conductive
layer and the ground plane).

5 mm5 mm

WFeed

Lsub

Wsub
MicroStrip

Substrate

Segment

dist base

θ

Fig. 11. Main variables of the first-order resonator.

The prototypes were then built as shown in the following
figures, for all resonators, a total perimeter of 70 mm was used.
Fig. 13 presents the square loop resonator together with the
first-order fractals at angles of 45 and 60 degrees. Meanwhile,
Fig. 14 illustrates the full potential of the code by generating
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5 mm

WFeed

Lsub

Wsub
MicroStrip

Substrate

Segment

dist base

θ

Fig. 12. Main dimensions of the second-order fractal resonator

a second-order resonator with a 60-degree angle, resulting in
a significantly more complex structure.

Fig. 13. Square loop resonator with 45 and 60 degree resonators of
order 1.

Fig. 14. 60-degree second-order resonator.

With the resonators constructed, four graphs were created
comparing the measured and simulated values for each of the
resonators presented, these comparisons are shown below.

Fig. 15 compares the simulated and measured results for
the square loop resonator. The green curve, representing the
HFSS simulation, shows a resonance frequency of 2.6330
GHz with an S21 value of -11.1043 dB. In contrast, the red
curve, corresponding to the VNA measurements, indicates a
resonance frequency of 2.6400 GHz with an S21 value of -
12.4574 dB.

Fig. 15. Comparison of measured and simulated values for the square
loop resonator.

Fig. 16 shows the simulated and corresponding measured
responses for the first-order and 45° resonator. The green
curve, representing the HFSS simulation, indicates a resonant
frequency of 2.6540 GHz with an S21 value of -8.4840
dB. In contrast, the red curve, corresponding to the VNA
measurements, shows a resonant frequency of 2.6595 GHz
with an S21 value of -9.4731 dB. Abrupt discontinuities in
the current path are observed, the current distribution in the
resonator is not uniform, its effective impedance changes,
resulting in a mismatch between the line and the resonator,
leading to a less negative S21 value compared to the square
loop.

Fig. 16. Comparison of measured and simulated values for the 45-
degree resonator.

Fig. 17 shows the comparison between the simulated and
measured responses for the first-order, 60° resonator. The
green curve, corresponding to the HFSS simulation, exhibits
a resonance frequency of 2.8057 GHz with an S21 magnitude
of -12.9736 dB. In contrast, the red curve, representing the
experimental measurements obtained using the VNA, shows
a resonance frequency of 2.8148 GHz with an S21 value
of -13.2321 dB. Here, with a 60° angle, the Cesàro fractal
coincides with the classical Koch curve, the folds provide
longer and more interconnected current paths, improving the
S21 value and making it more negative.
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Fig. 17. Comparison of measured and simulated values for the 60-
degree resonator.

Fig. 18 shows the measured and simulated resonance fre-
quencies from the second-order fractal resonator with a 60°
angle. In the figure, it can be observed that the resonance
frequency simulated in HFSS, represented by the green curve,
corresponds to an S21 value of -11.1049 dB at 3.4090 GHz,
whereas the experimentally measured values, represented by
the red curve, show a resonance frequency of 3.4400 GHz
with a magnitude of -11.3555 dB.

Fig. 18. Comparison of measured and simulated values for the
second-order 60-degree resonator.

The small discrepancies observed in the comparisons of
Figs. 15–18 are attributed to the use of SMA connectors
and their associated solder joints in the fabricated prototypes.
These elements introduce parasitic inductance and capacitance,
which alter the resonant frequency, whereas ideal ports were
assumed in the simulations.

Table II shows the values for each of the parameters, as well
as the resonance and notch frequencies of each prototype, in
addition to its base reduction.

TABLE II
PARAMETERS AND RESULTS OF THE FABRICATED

RESONATORS

Variable Order 1 (0°) Order 1 (45°) Order 1 (60°) Order 2 (60°) Unit
Dist 0.2 0.2 0.2 0.2 mm

Order 1 1 1 2 -
Wf 0.4 0.4 0.5 0.4 mm

Angle 0 45 60 60 degrees
Perimeter 70 70 70 70 mm
Segment 4.375 4.54 4.66 1.22 mm

Wsub 46 46 46 46 mm
H 1.6 1.6 1.6 1.6 mm

Lsub 70 70 70 70 mm
Wfeed 0.8 1 1 0.8 mm

t 0.017 0.017 0.017 0.017 mm
Frequency 2.6400 2.6595 2.8148 3.4400 GHz

Notch -12.4574 -9.4731 -13.2321 -11.3555 dB
Base 17.5 15.5 14 11.05 mm

Base Reduction - 11.43% 20% 36.86% %

Table III was created for comparison with other works

reported in the literature, showing the fractal type, the resonant
frequency, the printed circuit board (PCB), the ϵr, the physical
dimensions (in mm), and the electrical dimensions (in λg). The
electrical dimensions were also included because they provide
a fairer comparison between structures operating at different
frequencies. Physical dimensions alone may not accurately re-
flect the level of miniaturization, whereas electrical dimensions
relate the structure size to the guided wavelength, allowing a
more meaningful comparison.

TABLE III
STATE OF THE ART FRACTAL RESONATORS REVIEWED IN

THIS WORK

Fractal Order Frequency (GHz) PCB ϵr Dimensions (mm) Dimensions (λg)
Equilateral triangle [6] 0 2.7300 F4B-2 2.65 11.00 x 9.526 0.1629 x 0.1411

Koch snowflake [6] 1 2.1200 F4B-2 2.65 11.00 x 12.70 0.1265 x 0.1460
Koch snowflake [6] 2 1.8000 F4B-2 2.65 11.00 x 12.70 0.1074 x 0.1240

Minkowski [7] 2 2.9360 FR4 4.3 12.50 x 12.50 0.2536 x 0.2536
Square Loop [8] 0 0.9200 FR4* 4.4 20.90 x 20.90 0.1344 x 0.1344
Minkowski [8] 1 0.6350 FR4* 4.4 20.90 x 20.90 0.0927 x 0.0927
Minkowski [8] 2 0.4850 FR4* 4.4 20.90 x 20.90 0.0708 x 0.0708

Square Loop (this work) 0 2.6400 FR4 3.9 17.50 x 17.50 0.3041 x 0.3041
Cesàro 45° (this work) 1 2.6595 FR4 3.9 15.50 x 15.50 0.2713 x 0.2713
Cesàro 60° (this work) 1 2.8148 FR4 3.9 14.00 x 14.00 0.2594 x 0.2594
Cesàro 60° (this work) 2 3.4400 FR4 3.9 11.05 x11.05 0.2502 x 0.2502

In [8], the authors did not report the actual value of
ϵr therefore, the standard value of ϵr = 4.4 was adopted
for this case. Since FR4 substrates may exhibit dielectric
constant variations of up to 20% due to temperature effects and
manufacturing tolerances [14], the adopted value should be
considered an approximation. Table III shows that the Cesàro
fractal exhibits a miniaturization potential comparable to that
of previously published works, but offers the advantage of
enabling resonant frequency tuning through variations in both
perimeter and angle, as demonstrated herein.

V. CONCLUSIONS

This work presented an automated methodology for the
design and miniaturization of RF resonators based on the
Cesàro fractal curve for chipless RFID applications. Unlike
conventional fractal geometries with fixed parameters, the
tunable indentation angle of the Cesàro fractal was exploited as
an additional degree of freedom, enabling independent control
over both the resonant frequency and the physical footprint of
the resonator. The parametric analysis demonstrated that the
resonant frequency is primarily governed by the perimeter of
the structure, while angular variation serves as an effective
fine-tuning mechanism. Experimental results confirmed that
increasing the indentation angle from 0° to 60° reduced the
base dimension from 17.5 mm to 14.0 mm, corresponding
to a 20% size reduction relative to the conventional square-
loop resonator. The close agreement between simulated and
measured S21 responses across all fabricated prototypes val-
idates both the accuracy of the electromagnetic model and
the reliability of the Python-based automation framework. The
proposed approach significantly reduces design complexity
by eliminating the need for manual geometry construction
in HFSS, enabling rapid parametric exploration of fractal
configurations. These results establish the Cesàro fractal as a
promising and flexible alternative to existing fractal geometries
for compact chipless RFID resonator design. Future work may
extend this methodology to multibit tag configurations and
explore higher-order fractal iterations.
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