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Computed Torque for Restricted Lagrange-Euler
Systems Via DAEs and LMIs

Julián León , David Vázquez , and Miguel Bernal

Abstract—This work is motivated by the need of an extension
of the well-known computed-torque technique for restricted
Lagrange-Euler systems, whose main difficulty lies on the
incorporation of physical constraints into the model as well as in
the control law. The proposal has two methodological novelties:
on the one hand, reaction forces are added to the feedforward
term; on the other hand, the feedback term is designed via
linear matrix inequalities, which is computationally efficient
and systematic. These improvements allow computed torque
to deal with trajectory tracking problems in closed kinematic
chains. Implementation issues via index-1 differential algebraic
equations and recently appeared toolboxes are discussed. A
fully reproducible case study on a constrained two-bar system
is included to illustrate the effectiveness of the proposal.
Moreover, a real-time implementation on a rotary arm system
has been included to illustrate that even non-restricted plants
are amenable to the novel technique.

Link to graphical and video abstracts, and to code:
https://latamt.ieeer9.org/index.php/transactions/article/view/10501

Index Terms—Differential Algebraic Equations, Linear Ma-
trix Inequalities, Computed Torque, Constrained Euler-Lagrange
Systems.

I. INTRODUCTION

THE study of open kinematic chains consisting of n
prismatic or revolute joints, all actuated, is the basis

of robot analysis and design. Lagrange’s equation of move-
ment proved that this sort of systems can be described as
a set of 2nd-order nonlinear ordinary differential equations
(ODEs) which can be arranged in a variety of models [1]:
the Lagrange-Euler form which distinguishes inertia matrix,
Coriolis, friction, and gravity vectors [2]; the position-velocity
state-space representation which consists of a set of 2n 1st-
order equations [3]. These systems are typically controlled
using the computed-torque technique, which, through an error-
tracking mechanism, decomposes the control input into two
components: a feedforward term that compensates for the
system’s nonlinearities (following the principles of feedback
linearization [4]), and a linear feedback term that employs
position, velocity, and integral error signals to ensure that the
tracking error asymptotically converges to zero (based on the
well-known proportional-integral-derivative (PID) design [5]).
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Closed kinematic chains, on the other hand, resulting from
joining the end effector to some fixed subset of the working
space, are the basis of parallel robot analysis and design [6].
For this class of systems, several modeling approaches can
be adopted, including the augmented Lagrangian method [7],
which introduces penalty parameters and therefore departs
from a natural physical representation; orthogonal projec-
tion techniques [8], which may eliminate or obscure the
constraint reaction forces; and the Udwadia–Kalaba formu-
lation [9], whose reliance on pseudoinverse operators com-
plicates linearization and stability analysis. In contrast, the
Euler–Lagrange formulation with Lagrange multipliers [10],
provides an exact and physically meaningful representation
in which constraint forces are explicitly preserved, making
it particularly suitable for the systematic design and analysis
of computed-torque controllers since position restrictions are
incorporated into Lagrange’s equation of movement by means
of reaction forces, which include Lagrange multipliers; they
also produce velocity and acceleration constraints which must
be taken into account. Due to the restricted nature of these
systems, their mathematical description in the form of differen-
tial algebraic equations (DAEs) [11] is only natural: equations
involving time derivatives are the dynamical part; equations
establishing static relationships are the algebraic part [12].

Problem Statement: Most DAEs arising in physical contexts
are reducible to ODEs by means of a process called index
reduction, where the DAE index is the number of times
algebraic restrictions have to be differentiated for a subset
of variables to be solved solely in terms of the differential
ones; the algorithm performing this task is the Pantelides
algorithm [13]. At least theoretically, once a DAE is index 1,
a subset of variables can be solved in terms of the remaining
ones to turn the whole representation into an ODE, subject
to consistent initialization; in many cases, analytically solving
these variables is impossible, but it can be done numerically
via recently appeared software such as the DAE tools of the
Symbolic Toolbox of MATLAB [14]. This work is concerned
with a generalization of the computed-torque technique for
restricted Lagrange-Euler representations which, by nature, are
index-1 DAEs subject to the referred considerations.

Methodology: In the last decades, formulating control de-
sign problems as a set of linear matrix inequalities (LMIs)
has been increasingly done because of the systematicness and
numerical advantages they present [15]. Indeed, linear and
nonlinear systems can be considered by means of convex
modeling and control in a single framework; controllers,
observers, and other structures can be solved in polynomial
time without tuning or depending on the designer’s ability
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[16]. Well-established LMI solvers can be found implementing
interior-point algorithms to efficiently solve them [17]. This
work formulates its novel results as LMIs, as done in many
contexts involving DAEs [18].

Contribution: This work generalizes the computed-torque
technique to the class of restricted Lagrange-Euler systems,
formulating its design conditions as LMIs. Details are given
concerning simulation and implementation of the proposal as
an index-1 DAE.

Organization: The contents of this work are organized
as follows: preliminaries are given in Section II concerning
the classical computed-torque technique and LMIs; the main
result is proved in Section III, effectively extending the
computed-torque technique via LMIs to restricted systems in
the Lagrange-Euler form; Section IV considers a variety of
implementation issues for the technique just developed using
the index-1 DAE representation and toolboxes associated to
them; a case study is presented in Section V with enough detail
to guarantee reproducibility; Section VI provides a simple
real-time implementation showing the methodology is not
limited to physically restricted systems; finally, Section VII
draws some conclusions about this work and discusses related
problems to be considered in the future.

Notation: In matrix expressions, (>) stands for positive-
definiteness while (<) stands for negative-definiteness. For
inline expressions, (∗) stands for the transpose of the terms
to the left, i.e., A + (∗) = A + AT . An identity matrix of
adequate size is denoted as I while a zero matrix of adequate
size is denoted as 0.

II. PRELIMINARIES

In this section, the basics on computed torque for open
kinematic chains and linear matrix inequalities are given as
they constitute the basis for our proposal.

A. Computed Torque Technique

Unrestricted robot manipulators consisting in a kinematic
chain of n links which may behave as prismatic or revolute
joints has the following Lagrange’s equation of motion [3]:

d

dt

(
∂L

∂q̇

)
− ∂L

∂q
+

∂D

∂q̇
= τ̄ , (1)

where q ∈ Rn is the joint vector, L ∈ R is the Lagrangian
(which is the difference between kinematic energy K and
potential energy P , i.e. L = K − P ), D is the system
dissipation function, and τ̄ ∈ Rn is the vector of generalized
forces acting on the system.

Very often the system (1) is written in the following
Lagrange-Euler form:

M(q)q̈ + C(q, q̇) +G(q) + F (q̇) = τ̄ , (2)

where M(q) ∈ Rn×n is the inertia matrix which satisfies the
property M(q) = MT (q) > 0, C(q, q̇) is the Coriolis vector,
G(q) is the gravity vector, and F (q̇) is the friction force. As
it is well known, the following relationships are satisfied:

M(q)q̈+C(q, q̇)+G(q)=
d

dt

(
∂L

∂q̇

)
− ∂L

∂q
, F (q̇)=

∂D

∂q̇
.

Theorem 1. [3] Let qd(t) be a C 2 trajectory and e ≡ qd−q be
the corresponding tracking error. The system with Lagrange-
Euler model (2) (or, equivalently, Lagrange’s equation of
motion (1)), satisfies limt→∞ e(t) = 0 if τ̄ = M(q)(q̈d −
ū) + C(q, q̇) +G(q) + F (q̇) with

ū = −Kv ė−Kpe, Kv = diag(kvi), Kp = diag(kpi), (3)

with kvi > 0, kpi > 0, i ∈ {1, 2, . . . , n}.

Proof. Substituting τ̄ = M(q)(q̈d−ū)+C(q, q̇)+G(q)+F (q̇)
into (2) yields

M(q)q̈ = M(q)(q̈d − ū) ⇐⇒ ë = ū,

which can be arranged into the following linear tracking error
models for i ∈ {1, 2, . . . , n}:[
ė
ë

]
=

[
0 I
0 0

][
e
ė

]
+

[
0
I

]
ū ⇐⇒

[
ėi
ëi

]
=

[
0 1
0 0

][
ei
ėi

]
+

[
0
1

]
ūi.

Since ū is chosen as in (3), it means that ūi = −kvi ė− kpi
e,

i ∈ {1, 2, . . . , n} is substituted in every linear system above,
yielding [

ėi
ëi

]
=

[
0 1

−kpi −kvi

][
ei
ėi

]
.

Since kvi > 0, kpi
> 0, i ∈ {1, 2, . . . , n}, the closed-

loop matrices are Hurwitz, i.e., e(t) → 0 as t → ∞, thus
concluding the proof.

Remark 1. Many other results concerning computed torque
for Lagrange-Euler systems are available in the literature; the
interested reader is referred, for instance, to [2, pg 230], where
Kp and Kv above are chosen as positive-definite matrices.

B. Linear Matrix Inequalities

Many analysis and design problems in control can be
cast as LMIs [15]. Indeed, the very Lyapunov equation
PA+ATP = −I can be equivalently formulated as an LMI
PA + ATP < 0, where A corresponds to the system matrix
in ẋ = Ax and P to some positive-definite matrix variable
to be found (decision variable), which serves as a Lyapunov
matrix in the quadratic function V (x) = xTPx. LMIs belong
to the convex optimization field [19], which means they
can be solved in polynomial time by numerically effective
interior-point algorithms, which are already implemented in
commercially available software [17]. Nonlinear problems can
also be tackled with these tools thanks to the convex modeling
techniques independently developed for Takagi-Sugeno [20]
and linear parameter-varying systems [21].

Expressing a control problem as an LMI is not a trivial task.
While some results are straightforward, others might require
handling matrix expressions via a variety of properties as to
find equivalent or at least sufficient LMI formulations. In this
work the following are employed:

Property 1. Substitution:[19] If a matrix inequality includes
the product of two decision variables which can be bijectively
replaced by a single one, the expression is an LMI, e.g.:

AX +BFX +XTAT +XTFTBT < 0

⇐⇒ AX +BM +XTAT +MTBT < 0,



593 IEEE LATIN AMERICA TRANSACTIONS, Vol. 24, No. 6, JUNE 2026

for decision variables X and F on the left and X and M on
the right, where M = FX .

Property 2. Congruence:[19] The solution space of a matrix
inequality does not change if it is pre- and post-multiplied by
an invertible matrix P , e.g.:

PA+ATP < 0 ⇐⇒ AX +XAT < 0,

if X = P−1 is pre- and post-multiplied as X(PA+ATP )X <
0, provided P = PT .

III. MAIN RESULT

Lagrange-Euler systems subject to restrictions have the
following Lagrange’s equation of motion [10]:

d

dt

(
∂L

∂q̇

)
− ∂L

∂q
+

∂D

∂q̇
−

κ∑
i=1

λi
∂Ri

∂q
= τ̄ , (4)

which, in addition to the terms defined in the previous section,
we find Lagrange multipliers λi ∈ R and partial derivatives
of the position restrictions Ri(q) = 0, i ∈ {1, 2, . . . , κ},
where κ is the number of restrictions; the term added due
to the presence of these terms corresponds to reaction forces.
Obviously, the equation above has an equivalent restricted
Lagrange-Euler form:

M(q)q̈ + C(q, q̇) +G(q) + F (q̇)−
κ∑

i=1

λi
∂Ri

∂q
= τ̄ , (5)

where all the terms preserve their original meanings.

Theorem 2. Let qd(t) be a sufficiently smooth desired trajec-
tory satisfying Ri(qd) = 0, i ∈ {1, 2, . . . , κ}. Let e ≡ qd − q
be the corresponding tracking error. The restricted system
with Lagrange-Euler model (5) (or, equivalently, Lagrange’s
equation of motion (4)), satisfies limt→∞ e(t) = 0 if there
exist matrices X ∈ R2n×2n and N ∈ Rn×2n such that

X > 0,

[
0n In
0n 0n

]
X +

[
0n
In

]
N + (∗) < 0. (6)

In such case, the control law is given by

τ̄=M(q)(q̈d−ū)+C(q,q̇)+G(q)+F (q̇)−
κ∑

i=1

λi
∂Ri

∂q
, (7)

ū =
[
Kp Kd

] [e
ė

]
,
[
Kp Kd

]
= NX−1. (8)

Proof. Substituting (7) into (5) yields ë = ū; substituting (8)
in the latter yields the following state-space representation:[

ė
ë

]
=

([
0 I
0 0

]
+

[
0
I

][
Kp Kd

])[e
ė

]
. (9)

Since X > 0, let V = [eT ėT ]P [eT ėT ]T , P = X−1 > 0
be a Lyapunov function candidate of (9); its time derivative is
given by

V̇=2

[
e
ė

]T
P

[
ė
ë

]
=

[
e
ė

]T
P

([
0 I
0 0

]
+

[
0
I

][
Kp Kd

])[e
ė

]
+(∗).

This means that V̇ < 0 if

P

([
0 I
0 0

]
+

[
0
I

][
Kp Kd

])
+(∗)<0,

which is guaranteed by (6) because it is the same inequality:
indeed, it suffices to apply the congruence property 2 with P
and then use the substitution property 1 with the definitions
in (8). Therefore, V is a Lyapunov function for the linear
system establishing global asymptotic stability of e = 0, thus
concluding the proof.

Remark 2. The proposal in Theorem 2 assumes perfect
knowledge of the model and availability of all positions
and velocities. However, robust techniques as described in
[3, Section 7.3] can be straightforwardly applied. Moreover,
in contrast with the standard computed-torque technique in
Theorem 1, Theorem 2 uses full-block gain matrices Kp and
Kd, not only diagonal forms. Moreover, the LMI formulation
allows for gains to be better planned as many performance
specifications can be added in the LMI context, e.g., decay
rate, input and output constraint, pole placement within a
region, among others [15].

Remark 3. Computed torque in open kinematic chains usu-
ally requires the plant to be fully actuated as τ̄ contains
expressions based on the model that must be fed back into
the plant; see Theorem 1. This is not necessarily the case in
closed kinematic chains; see Theorem 2. Indeed, the number
of degrees of freedom (DOF) in restricted systems is reduced
when compared with their open counterparts; therefore, a less
number of actuators is required to perform trajectory tracking.
However, redundancy of actuators is not an issue as τ̄ in our
proposal solves for them. It is also important to notice that the
state of a closed kinematic chain, understood as the minimum
information to predict the future behaviour of the system, has
less variables than its open counterpart, as all the redundant
“states” are solved from the real ones [22].

IV. IMPLEMENTATION ISSUES

The developments in the previous section focused on the
Lagrange-Euler form (4), which incorporated reaction forces
through Lagrange multipliers. However, this model is essen-
tially no different from that of an open kinematic chain in
(2): how, therefore, can it hold the position restrictions? The
answer is that this model is incomplete and requiring, at least,
consistent initialization, i.e., it has to begin within the manifold
induced by the algebraic restrictions. The missing part of the
model can be better understood using an index-1 DAE model1,
i.e.:

ẋ1 = f(x1, x2, u), (10)
0 = g(x1, x2, u), (11)

where x1 ∈ Rnd is known as the differential state (or simply
state), x2 ∈ Rna as the algebraic state (or false state), u ∈ Rm

as the control input, and C 1 mappings f(·, ·, ·) : Rnd ×Rna ×
Rm 7→ Rnd and g(·, ·, ·) : Rnd × Rna × Rm 7→ Rna . Notice
that, without considering the input signal u, the number of

1A DAE with high-order index and general forms such as
f(ẋ1, x1, x2, u) = 0 or M(x1, x2)ẋ1 = f(x1, x2, u) can be reduced to
index 1 through the Pantelides algorithm [13]; index reduction is considered
a pre-processing task, which is why it is left out of this work.
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variables is the same as the number of scalar equations, i.e.,
nd + na.

Assumption 1. [23] ∂g/∂[xT
2 uT ]T is full column rank.

Assumption 2. [24] f(x1, x2, u) is locally Lipschitz in x1,
x2, and u in a domain D ⊂ Rnd+na+m with solutions lying
in a compact subset of D.

Assumption 1 implies that x2 and u can be solved in terms
of x1 from (11), thus reducing (10) to an ODE depending
on x1 and u, subject to consistent initialization. Once this is
reduced to an ODE, assumption 2 guarantees existence and
uniqueness of solutions.

Now, consider the task of writing a restricted Lagrange-
Euler system of the form (4) as an index-1 DAE model of
the form (10)-(11). As previously discussed, the number of
DOF of the restricted plant is lower than that of its open
kinematic chain counterpart, which means that we have to
select a minimum set of physical variables to act as differential
states, whereas the rest will stand as algebraic variables that
can be solved in terms of the former and, possibly, inputs.
Clearly, this selection is not unique. A step-by-step algorithm
to perform this task is the following:

1) Taking into account the number of DOF, select the
physical variables that stand for differential states x1:
a trivial option is to choose the minimum number of
positions in q (with their corresponding velocities q̇) that
allows describing the whole dynamics of the plant, i.e.,
n − κ positions and n − κ velocities, for a total of
nd = 2(n− κ).

2) Define x2 as the rest of variables: in the trivial option this
means κ positions, κ velocities, and n accelerations in q,
q̇, and q̈, respectively, including κ Lagrange multipliers
λi, for a total of na = 3κ+ n.

3) Define u as a vector gathering all the inputs acting on
the system. Note that τ̄ is a vector of generalized torques
which might depend on a variety of forces, i.e., they
might have different sizes. See the case study in Section
V.

4) Define f(x1, x2, u) using the differential relationship
between ẋ1 and the corresponding differential/algebraic
variables x1, x2. In the trivial option, these dynamics are
usually a set of 1st-order linear equations.

5) Define g(x1, x2, u) = 0 from the κ position, κ velocity,
and κ acceleration restrictions, plus the n Lagrange-
Euler 2nd-order nonlinear differential equations in (4).
Notice that, due to the definition of x2, no equation in
g(x1, x2, u) = 0 includes time derivatives: they are purely
algebraic.

Example 1. Consider the fully actuated ∆ parallel robot
configuration in Fig. 1, which is a restricted Lagrange-Euler
plant consisting of 3 2-link RR arms whose end effectors are
at the same horizontal plane and at a fixed distance of each
other, resulting in κ = 2 position restrictions for a joint vector
q = [θ1 θ2 θ3 θ4 θ5 θ6]

T (n = 6); therefore, it is characterized
by 3 pairs of 2nd-order scalar equations in the Lagrange form
(4) or Lagrange-Euler form (5).

Following the methodology just described to express the
mathematical model as a DAE, it is clear that there are
nd = 2(6−2) = 8 differential states in x1, which must include
only position and velocities of a minimum set of variables
determining the rest of them (due to the algebraic restrictions);
a possible choice is the following:

x1 = [θ1 θ̇1 θ3 θ̇3 θ5 θ̇5 θ6 θ̇6]
T ;

consequently, there are na = 3(2) + 6 = 12 algebraic
variables in x2, i.e., the remaining positions and velocities,
all the accelerations, and all the Lagrange multipliers:

x2 = [θ2 θ̇2 θ4 θ̇4 θ̈1 θ̈2 θ̈3 θ̈4 θ̈5 θ̈6 λ1 λ2]
T ;

and, finally, m = 6 inputs in u:

u = [τ̄1 τ̄2 τ̄3 τ̄4 τ̄5 τ̄6]
T ,

corresponding to the generalized forces, i.e., u = τ̄ .
Following the notation x1,i, i ∈ {1, 2, . . . , 8} for the 8

differential states and x2,i, i ∈ {1, 2, . . . , 12} for the 12
algebraic variables, we have that the dynamical part is given
by 

ẋ1,1

ẋ1,2

ẋ1,3

ẋ1,4

ẋ1,5

ẋ1,6

ẋ1,7

ẋ1,8


=



x1,2

x2,5

x1,4

x2,7

x1,6

x2,9

x1,8

x2,10


≡ f(x1, x2, u).

We do not detail the 12 algebraic equations, but recall
that they gather 2 position restrictions, its 2 1st-order time
derivatives (velocity restrictions), its 2 2nd-order time deriva-
tives (acceleration restrictions), and 3 pairs of 2nd-order
Lagrange-Euler equations, for a total of 12 algebraic equa-
tions. Therefore, the total number of equations (8 + 12 =
20) coincides with the number of variables in x1 and x2

(nd + na = 20). None of the equations in g(x1, x2, u) = 0
has a time derivative: even the Lagrange-Euler equations have
their accelerations replaced by their state equivalents, i.e.,
x2,i+4 = θ̈i, i ∈ {1, 2, . . . , 6}.

Fig. 1. Fully actuated ∆ parallel robot with horizontal platform
sustained by 3 2-link RR arms in Example 1.
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V. CASE STUDY

Consider the scheme in Fig. 2, which corresponds to a 2-
link planar RR arm subject to a position constraint, i.e., the
bar on the right slides along the inclined track above. This
plant has 3 possible actuators: 2 of them induce torques τ1
at the leftmost side of the link labelled l1 and τ2 at the joint
between the two bars; a third one induces a linear force f on
the rightmost side of link l2. In this case study we examine
the effectiveness of our proposal and implementation issues
for trajectory tracking under 3 different situations: (a) all the
actuators acting at the same time; (b) only τ1 and f acting on
the system; (c) only τ1 serving as actuator.

Considering q = [θ1 θ2]
T as the joint vector and assuming

link masses are concentrated at the ends of the links, the left-
hand side of its Lagrange’s equation of motion (4) has the
following part associated to the Lagrangian:

d

dt

(
∂L

∂q̇

)
− ∂L

∂q
=



(
(m1+m2)l

2
1+m2l

2
2+2m2l1l2 cos θ2

)
θ̈1

+
(
m2l

2
2+m2l1l2 cos θ2

)
θ̈2−m2l1l2

×
(
2θ̇1θ̇2+θ̇22

)
sin θ2+(m1+m2)gl1cos θ1

+m2gl2 cos(θ1+θ2)(
m2l

2
2+m2l1l2 cos θ2

)
θ̈1+m2l

2
2θ̈2

+m2l1l2θ̇
2
1 sin θ2+m2gl2 cos (θ1+θ2)


;

the following friction terms

∂D

∂q̇
=

∂

∂q̇

(
1

2

[
θ̇1
θ̇2

]T[
k1 0
0 k2

][
θ̇1
θ̇2

])
=

[
k1θ̇1
k2θ̇2

]
;

and reaction forces arising from the single position restriction

R1(q) =l1 sin θ1 + l2 sin(θ1 + θ2)− yr

− (l1 cos θ1 + l2 cos(θ1 + θ2)) tan θr = 0,

given by

κ∑
i=1

λi
∂Ri

∂q
=λ1

l1cosθ1+l2 cos(θ1+θ2)+l1 sin θ1 tan θr
+l2 sin(θ1 + θ2) tan θr

l2 cos(θ1 + θ2) + l2 sin(θ1 + θ2) tan θr

,
with κ = 1;

The generalized torque τ̄ on the right-hand side of (4)
should include τ1, which acts at the origin of link l1, τ2,

Fig. 2. Constrained two-bar system under 1 linear inclined and 2
rotational forces in Section V.

which acts at the joint of the links, and torque τ̄f induced by
f at the endpoint of link l2; such endpoint has the following
coordinates:

x⃗ =

[
l1 cos θ1 + l2 cos(θ1 + θ2)
l1 sin θ1 + l2 sin(θ1 + θ2)

]
,

which are used to obtain τ̄f as

τ̄f =

(
∂x⃗

∂q

)T

f⃗ , with f⃗ =

[
f cos θr
f sin θr

]
,

which yields the generalized torque

τ̄=

 τ1−(l1 sin θ1+l2 sin(θ1+θ2))f cos θr
+(l1 cos θ1+l2 cos(θ1+θ2))f sin θr

τ2−l2sin(θ1+θ2)fcos θr+l2cos(θ1+θ2)fsin θr

. (12)

A DAE model of the above system can be obtained by
recalling that it has only 1 degree of freedom; therefore, it
suffices to describe position θ1 and velocity θ̇1 to fully describe
the future behaviour of the system. This means that the true
states (i.e., dynamical variables) are x1,1 = θ1 and x1,2 = θ̇1,
with x1 = [x1,1 x1,2]

T ; additional variables are defined as
x2,1 = θ2, x2,2 = θ̇2, x2,3 = θ̈1, x2,4 = θ̈2 and x2,5 = λ, with
x2 = [x2,1 x2,2 x2,3 x2,4 x2,5]

T (i.e., algebraic variables).
Inputs τ1, τ2, and f can be renamed as u1, u2, and u3,
respectively, gathered as u = [u1 u2 u3]

T .
Therefore, the dynamic equations can be written as:

ẋ1 =

[
ẋ1,1

ẋ1,2

]
=

[
x1,2

x2,3

]
, (13)

subject to the following algebraic constraints:
1) Position constraint:

l1 sinx1,1+l2 sin(x1,1+x2,1)−yr

− (l1 cosx1,1 + l2 cos(x1,1 + x2,1)) tan θr = 0.

2) Velocity constraint:

tan θr(l1x1,2 sinx1,1 + l2 sin(x1,1+x2,1)(x1,2+x2,2))

+l1x1,2 cosx1,1 + l2 cos(x1,1+x2,1)(x1,2+x2,2) = 0.

3) Acceleration constraint:

tanθr(l1x2,3 sinx1,1+l1x
2
1,2 cosx1,1+l2 sin(x1,1+x2,1)

× (x2,3+x2,4) + l2 cos(x1,1+x2,1)(x1,2+x2,2)
2)

+l1x2,3 cosx1,1−l2 sin(x1,1+x2,1)(x1,2+x2,2)
2

−l1x
2
1,2 sinx1,1+l2 cos(x1,1+x2,1)(x2,3+x2,4) = 0.

4) First Lagrange-Euler equation:

((m1+m2)l
2
1+m2l

2
2+2m2l1l2 cosx2,1)x2,3

+(m2l
2
2+m2l1l2 cosx2,1)x2,4

−m2l1l2(2x1,2x2,2+x2
2,2) sinx2,1

+(m1+m2)gl1 cosx1,1+m2gl2 cos(x1,1+x2,1)

+k1x1,2−x2,5(l1 cosx1,1+l2 cos(x1,1+x2,1)

+l1 sinx1,1 tan θr+l2 sin(x1,1+x2,1) tan θr)

−(u1−(l1 sinx1,1+l2 sin(x1,1+x2,1))u3 cos θr

+(l1 cosx1,1+l2 cos(x1,1+x2,1))u3 sin θr) = 0.
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5) Second Lagrange-Euler equation:

(m2l
2
2+m2l1l2 cosx2,1)x2,3+m2l

2
2x2,4

+m2l1l2x
2
1,2 sinx2,1+m2gl2 cos(x1,1+x2,1)+k2x2,2

−x2,5(l2 cos(x1,1+x2,1)+l2 sin(x1,1+x2,1) tan θr)

−(u2−l2 sin(x1,1+x2,1)u3 cos θr

+l2 cos(x1,1+x2,1)u3 sin θr)=0.

Note that the total number of variables (7 in total: 2 in
x1 and 5 in x2) match the total number of equations (7 in
total: 2 differential and 5 algebraic). It should also be noted
that, in this case, a state-space ODE representation does not
naturally precede the DAE representation; rather, one would
need to solve for the variables in x2 from the DAE in order to
describe the dynamics of the 2 equations in x1, which govern
the entire system, with τ1 and f given.

Consider the task of joint vector q(t) = [θ1(t) θ2(t)]
T

tracking a desired trajectory qd(t) = [θd1(t) θd2(t)]
T , where

θd1(t) = −1.6+0.1 sin(0.1t)+0.07 cos(0.5t)+0.05 sin t and
θd2(t) is induced by the same position restriction as the plant,
i.e., θd2(t) is implicitly defined by

l1 sin θd1(t)+l2 sin(θd1(t)+θd2(t))−yr

− (l1 cos θd1(t) + l2 cos(θd1(t) + θd2(t))) tan θr = 0. (14)

The control law in (7) (also known as inner loop) requires
the 2nd-order time derivative of qd(t), which can be explicitly
known for θ̈d1(t) and implicitly known for θ̈d2(t) if the
position restriction (14) is differentiated two times. Moreover,
since the outer loop (8) requires e(t) = qd(t) − q(t) and
ė(t) = q̇d(t) − q̇(t), where θd1(t) and θ̇d1(t) are calculated
explicitly whereas θd2(t) and θ̇d2(t) are obtained implicitly
from (14) and its first time derivative.

For simulation purposes, the MATLAB Symbolic Math
Toolbox 25.2 is employed, specifically the equation solving
tools for DAEs. These tools require specifying equations (both
differential and algebraic) and variables (which must match
the number of equations). Besides variables in x1 and x2

and equations in f(x1, x2, u) and g(x1, x2, u) we have to
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Fig. 3. Trajectory tracking for the case with 3 actuators: base angle
θ1(t) (top); upper angle θ2(t) (bottom).

add variables θd2, θ̇d2, and θ̈d2, along with equations (14)
and its 1st and 2nd time derivatives (obviously, θd1 and its
time derivatives are explicitly given, which means they do
not require to be declared as variables). Once equations are
provided, the MATLAB simulation routine implies checking
that the differentiability index is reduced (which is the case
in our proposal), finding consistent initial conditions, fixing
those which are critical for the application, and calling a robust
solver which keeps the algebraic restrictions characterizing the
DAE2.

Case with 3 actuators: If all inputs are actuated, they
must be solved from (12), where τ̄1 and τ̄2 are already
known according to (7). Clearly, there are infinite solutions
to this system (3 variables, 2 equations); a possible choice is
considering τ2 = 1/2τ̄2 along with (12). Theorem 2 is invoked
to obtain τ̄ ; LMIs (6) yield the following gains for the outer
control loop ū:

Kp =

[
−0.7972 −0.2207
−0.1625 −0.9656

]
, Kd =

[
−1.0045 −0.8645
−0.8894 −1.5385

]
.

In Fig. 3 system positions θ1(t) = x1,1(t) and θ2(t) =
x2,1(t) are displayed along with the desired trajectories θd1(t)
and θd2(t), respectively. Over the initial absolute error, the
reference is reached within 1% of the true value in 3.6s. For
completeness, control signals are shown in Fig. 4. The energy
(integral of the squared signal) spent over 80s by τ1, τ2, and
f is given by 10.2108, 0.008326, and 0.0168, respectively.

Case with 2 actuators: If τ1 and f are available with τ2 = 0,
they can be uniquely solved from (7). Obviously, the outer loop
remains the same. As before, Fig. 5 and Fig. 6 show trajectory
tracking and control inputs along the time, confirming the fact
that 2 actuators are still enough to perform the task. Over the
initial absolute error, the reference is reached within 1% of
the true value in 3.6s, while the control effort over 80s by τ1,
τ2, and f is given by 10.0496, 0, and 0.0102, respectively.

Case with 1 actuator: If only τ1 is available for control,
i.e., τ2 = f = 0, system (7) has no solution. However, it

2The interested reader is referred to instructions such as isLowIndexDAE,
reduceDAEIndex, daeFunction, decic, and ode15i [25].

Time(s)
0 10 20 30 40 50 60 70 80

τ
1

0.2

0.3

0.4

Time(s)
0 10 20 30 40 50 60 70 80

τ
2

0

0.02

0.04

0.06

Time(s)
0 10 20 30 40 50 60 70 80

f

-0.1

-0.05

0

Fig. 4. Control inputs for the case with 3 actuators: base torque τ1(t)
(top); upper torque τ2(t) (middle); linear force (bottom).
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is obvious from the physical configuration in Fig 2 that one
actuator must be enough to perform trajectory tracking since
the whole system has only 1 DOF. Indeed, limt→∞ τ2(t) =
limt→∞ f(t) = 0 in both cases 1 and 2 (Figs. 4 and 6).

In order to apply Theorem 2 to the under-actuated case,
some pre-processing is required to reduce the problem to a
single actuator with a single equation, namely, considering
only the first equation in (7) to solve τ1 from τ̄1. Trajectory
tracking follows from τ1 enforcing the first bar to track θd1(t)
while the rest is subject to the algebraic restrictions, thus
guarantee tracking too.

It is apparent that τ̄ is the same in all cases while the
difference lies on the way it is used to assign values to f ,
τ1 and τ2, depending on whether they are available (actuated)
or not.

Remark 4. Standard PD computed torque relies on tuning
for stabilization; if used in this case, it would not be able to
guarantee specific decay rate, mean squared error, or input
energy, as all these specifications are not design parameters,
but trial-and-error goals. On the other hand, LMI-based
methodologies, as the one proposed, allow the designer to
impose the referred specifications in an LMI form.
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Fig. 5. Trajectory tracking for the case with 2 actuators: base angle
θ1(t) (top); upper angle θ2(t) (bottom).
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VI. IMPLEMENTATION ON A ROTARY ARM SYSTEM

Fig. 7. Rotary arm system characterized as an underactuated setup
with only 1 degree of freedom and a second link as a mass
disturbance.

Consider the experimental setup in Fig. 7, which does
not incorporate explicit mechanical constraints. Rather, the
platform can be characterized as an underactuated system in
which only the first degree of freedom is actively actuated
and controlled, while the second coordinate evolves according
to the system’s natural dynamics and is effectively treated
as a disturbance. As the proposed method is not intended
to address general underactuated control problems, the ex-
perimental results should be interpreted as a proof-of-concept
implementation for unrestricted Lagrange-Euler plants whose
model is put as DAEs, rather than as a validation of the method
for constrained or underactuated systems.

The mathematical model is the same as the well-known
Furuta pendulum, i.e.,

τ=(β sin2θ2+α)θ̈1+δ cos θ2θ̈2

+2βθ̇1θ̇2 cos θ2 sin θ2−δθ̇22 sin θ2, (15)

0=δ cos θ2θ̈1+(β+γ)θ̈2−σg sin θ2−βθ̇21 cos θ2 sin θ2, (16)

where θ1 is the angular position of the horizontal arm with
respect to a given reference, θ2 is the angle of the free arm with
respect to the vertical position, and the system parameters are
given by α = 0.0363, β = 0.0306, γ = 0.0356, δ = 0.0260,
σ = 0.3829, and g = 9.804.

According to our methodology, the first equation (15) corre-
sponds to the dynamical part of a DAE while the second one
is the algebraic restriction. Therefore, our computed-torque
proposal is applied considering q = θ1 in the form (5), where
M(q) = β sin2 θ2 + α and H(q, q̇) = 2βθ̇1θ̇2 cos θ2 sin θ2,
plus an extra term O(·) = (δ cos θ2)θ̈2−δθ̇22 sin θ2 which does
not depend on q but whose highest-order derivative θ̈2 can be
explicitly computed from the algebraic part (16).

Consider a desired trajectory qd(t) = −0.5 sin(4t); gains
Kp = −238.1234 and Kd = −22.2786 are obtained via LMIs
(8), leading to an inner control loop τ = H(q, q̇) + O(·) +
M(q)(q̈d − u), with outer control loop u = −Kpe − Kdė
where e = qd− q. The result of applying this control law in a
real-time setup is shown in Fig. 8: on the top it is shown how
θ1(t) tracks θ1d(t); on the bottom, the control signal τ(t) is
displayed.
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Fig. 8. Real-time trajectory tracking for angle θ1(t) (top) and torque
control signal τ(t) (bottom).

VII. CONCLUSIONS

This work has presented an extension of standard computed
torque for restricted Lagrange-Euler systems. The inner control
loop has been augmented as to include reaction forces while
the outer control loop has been solved via linear matrix
inequalities allowing full exploitation of the gain entries.
A methodology to implement the proposed technique using
index-1 differential algebraic equations has been provided. A
case study as well as a real-time implementation have been
developed to discuss a variety of configurations depending on
the number of actuators.

Future work is undergoing to address the shortcomings of
the proposal, namely:
(a) handling of underactuated restricted systems;
(b) handling of higher-index DAE models without performing
index reduction;
(c) handling the lack of information of certain states via
observer-based and output feedback.
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